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We present conservative 3+1 general relativistic variable Eddington tensor radiation transport
equations, including greater elaboration of the momentum space divergence (that is, the energy
derivative term) than in previous work. These equations are intended for use in simulations involving
numerical relativity, particularly in the absence of spherical symmetry. The independent variables
are the lab frame coordinate basis spacetime position coordinates and the particle energy measured
in the comoving frame. With an eye towards astrophysical applications—such as core-collapse
supernovae and compact object mergers—in which the fluid includes nuclei and/or nuclear matter
at finite temperature, and in which the transported particles are neutrinos, we pay special attention
to the consistency of four-momentum and lepton number exchange between neutrinos and the fluid,
showing the term-by-term cancellations that must occur for this consistency to be achieved.
PACS numbers: 95.30.Jx, 05.20.Dd, 47.70.-n, 97.60.Bw
I. INTRODUCTION
Neutrino transport is a necessary ingredient of core-
collapse supernova simulations [1–7]. Determining the
fate of the stellar material—for instance, does an explo-
sion happen, and if so, how?—requires calculation of the
four-momentum and lepton number exchange between
the fluid (which includes nuclei and/or nuclear matter at
finite temperature) and the neutrinos that stream from
and through it. For the purpose of studying the explo-
sion mechanism, we take the traditional approach and
consider only massless neutrinos described by classical
distribution functions (phase space densities) f(t,x,p)
[8].
Solution for the neutrino distributions f(t,x,p) in
their full dimensionality—1D time + 3D position space +
3D momentum space—is beyond current computational
capabilities. Thus various approximations have been em-
ployed, in particular various permutations of reduction
in dimensionality, and in many cases exclusion of effects
that alter neutrino energies (energy-changing scattering
interactions, and Doppler and gravitational shifts; on
the importance of these, see for instance Refs. [9, 10]).
We leave detailed discussions of these developments—
especially in spherical and axial symmetry—to the above-
cited reviews and overviews [1–7], noting also an addi-
tional recent report of explosions in axisymmetry across
a range of progenitor masses with self-consistent neutrino
transport [11].
For present purposes, we note that the focus of the
field is turning towards simulations that are 3D in po-
sition space, and that in this context treatments of
neutrino transport remain in early stages. The sim-
plest treatments—which are not neutrino transport per
se—are ‘light bulb’ approaches with externally imposed,
parametrized neutrino heating and cooling functions (e.g.
Refs. [12–14]). When it comes to more self-consistent
neutrino transport, most approaches to date with 3D
position space are ‘grey’ (neutrino energy dependence in-
tegrated out), and/or ‘ray-by-ray’ (solution along inde-
pendent radial rays, neglecting lateral transport except
perhaps in optically thick regions), and/or involve so-
lution of only the lowest angular moments (see also the
next paragraph). One approach going a step beyond light
bulb schemes involves cooling by neutrino ‘leakage,’ plus
grey heating based on optical depths computed in a ray-
by-ray fashion [15]. Computing grey solutions for the
zeroth moment are e.g. Ref. [16] (ray-by-ray and with
a prescribed inner boundary luminosity at finite radius),
and Ref. [17] (in connection with smoothed-particle hy-
drodynamics). Grey solutions for both the zeroth and
first moments are obtained in Ref. [18], in which the
source terms describing neutrino-matter interactions—
which normally induce significant computational costs
due to the need for implicit solution—are simplified
with a leakage-type approach. Energy-dependent ray-
by-ray simulations solving self-consistently for the ze-
roth moment in 3D have been reported as underway [19].
The only energy-dependent transport results in 3D po-
sition space completed to date are ray-by-ray: one with
the ‘isotropic diffusion source approximation’ (IDSA), in
which the neutrinos are separated into diffusive and free-
streaming components, with a prescription for exchange
between them [20]; and another solving self-consistently
for the zeroth and first moments [21]. First tests of a
full 3D+3D Boltzmann solver have been reported [4, 22],
but it will be some time before fully detailed and well-
resolved simulations with such solvers are computation-
ally tractable. Other approaches that traditionally have
not been used in core-collapse supernova studies, but that
are being considered for future simulations with 3D po-
sition space, include a Monte Carlo scheme [23] and a
spherical harmonics expansion [24].
Given the current state of the field vis-a`-vis 3D po-
2sition space simulations, it seems likely that a viable
choice for many practitioners will be an approach in
which solutions to only angular moments of f(t,x,p) are
sought, with some form of closure serving to truncate the
scheme at low order (see e.g. Ref. [25]). Common exam-
ples include flux-limited diffusion [26],[27],[28], truncated
at the zeroth moment J (t,x, ǫ), with prescriptions for
the first and second moments Hıˆ(t,x, ǫ) and Kıˆˆ(t,x, ǫ);
and a variable Eddington tensor approach [18, 29–34],
truncated at the first moment Hıˆ(t,x, ǫ), with prescrip-
tions for the second and third moments Kıˆˆ(t,x, ǫ) and
Lıˆˆkˆ(t,x, ǫ) (see Sec. II C).
Relative to full Boltzmann simulations for f(t,x,p),
the reduction in momentum space dimensionality af-
forded by moments approaches yields important savings
in the memory needed to run simulations, and the im-
pact on the number of floating point operations (flops)
required is even greater. Memory needs grow quadrat-
ically (or even linearly, in a matrix-free approach) with
the number Np = NνNǫNϑNϕ of neutrino momentum
space cells arising from Nν neutrino species, Nǫ energy
bins, and NϑNϕ angle bins. In contrast, the flop count—
which is dominated by the inversion of dense blocks rep-
resenting momentum space couplings—grows as a higher
power, something like N2−3
p
([35]; see also Refs. [4, 36]).
Therefore moments approaches can be expected to re-
quired a number of flops that is smaller by a factor of
order (NϑNϕ)
2−3 ≫ 1.
Notably for the focus of this paper, conservative 3+1
general relativistic variable Eddington tensor radiation
moment equations are presented by Shibata et al. [32].
Their variables are functions of lab frame coordinate ba-
sis spacetime position coordinates xµ—that is, the space-
time coordinates that appear in the 3+1 metric—but the
momentum space dependence is on the neutrino energy
ǫ measured in the comoving frame. The long-recognized
freedom to choose different coordinate systems for space-
time and momentum space (e.g. Refs. [37–43]) al-
lows particle/fluid interactions to be evaluated in the co-
moving frame in the context of Eulerian grid-based ap-
proaches to multidimensional spatial dependence.
One difference between our presentation from that of
Shibata et al. [32] is our starting point. We begin from
conservative reformulations [44] of the general relativistic
Boltzmann equation [37, 41, 42, 45, 46] rather than the
moments formalism of Thorne [47]. (The conservative re-
formulations of the general relativistic Boltzmann equa-
tion in Ref. [44], and a special relativistic specialization
[48], were inspired by previous conservative formulations
in spherical symmetry, e.g. [42, 49, 50]. While we hope
to solve the conservative multidimensional general rela-
tivistic Boltzmann equation in future core-collapse super-
nova simulations, its significance to the present work is
the straightforward path it provides for the derivation
of more computationally feasible moments equations.)
By angular integration of the four-momentum conserva-
tive reformulation of the Boltzmann equation, we obtain
in Sec. II a general relativistic variable Eddington ten-
sor formalism in which the relationship between the lab
frame (denoted by unadorned indices) and the comoving
frame (denoted by hatted indices) is expressed in terms
of coordinate transformations Lµµˆ and comoving frame
connection coefficients Γµˆνˆρˆ.
In specializing to the 3+1 formulation of general rela-
tivity in Sec. III, we extend the treatment of Shibata et
al. [32] with a full elaboration of the momentum space
divergence (i.e. the energy derivative term, in this angle-
integrated moments case). Important aspects of our ap-
proach include (a) consistent use of what we call ‘Eu-
lerian decompositions’ and ‘Eulerian projections,’ which
are natural to the 3+1 approach; and relatedly, (b) a
shift from conceptualizing the relationship between the
lab and comoving frames from coordinate transforma-
tions Lµµˆ to the (covariant) relative three-velocity v
µ
connecting the four-velocities nµ and uµ of Eulerian and
Lagrangian observers. Our approach in Sec. III is more
geometric than that in Sec. II (in conception if not nota-
tion); indeed it allows us to obtain explicit results while
almost completely avoiding encounters with connection
coefficients.
We also add to the treatment by Shibata et al. [32]
by showing, in both Sec. II and Sec. III, how the four-
momentum exchange with the fluid expressed by a con-
servative variable Eddington tensor formalism is consis-
tent with a conservative treatment of lepton number ex-
change. A conservative treatment of four-momentum
exchange with the fluid, properly discretized for consis-
tency with conservative number exchange, is expected
to facilitate simultaneous energy and lepton conserva-
tion in numerical simulations—an important check on
the physical reliability of simulation outcomes [51]. In
this respect, there may be room for improvement over
cases in which this consistency has not been considered
(e.g. Refs. [18, 33]), or in which consistency between con-
servative number exchange and non-conservative four-
momentum exchange has been addressed (e.g. Ref. [30]).
The nature of the consistency of our conservative four-
momentum transport equations (modulo gravitational
sources) with a conservative number transport equation
is made particularly explicit in Sec. III, in which we eluci-
date the term-by-term cancellations that must occur for
this consistency to be achieved. In Sec. IV we discuss the
moment equations, bringing together the pieces worked
out in Sec. III and presenting overview tables of the many
variables appearing in the formalism.
II. GENERAL RELATIVATISTIC VARIABLE
EDDINGTON TENSOR FORMALISM
After exhibiting the Boltzmann equation and its con-
servative reformulations in terms of number and four-
momentum exchange with the fluid, we obtain from the
latter a variable Eddington tensor formalism in which
the relationship between the lab frame (denoted by un-
adorned indices) and the comoving frame (denoted by
3hatted indices) is expressed in terms of coordinate trans-
formations Lµµˆ and comoving frame connection coef-
ficients Γµˆνˆρˆ, and show how it relates to the angle-
integrated number-conservative reformulation.
A. The Boltzmann equation
Classical neutrino distribution functions f(t,x,p) are
governed by the Boltzmann equation [37, 41, 42, 45, 46].
In its geometric form, it states that the change in f along
a phase space trajectory with affine parameter λ is equal
to the phase space density C[f ] of point-like collisions
that add or remove particles from the trajectory:
df
dλ
= C[f ]. (1)
The phase space measure is defined in such a way that f
and C[f ] are both invariant scalars. For practical com-
putations it is necessary to introduce phase space coordi-
nates: spacetime coordinates xµ, and momentum space
coordinates pi (the timelike momentum component p0 is
fixed in terms of the spacelike components pi by the mass
shell constraint). In terms of these coordinates, Eq. (1)
becomes
dxµ
dλ
∂f
∂xµ
+
dpi
dλ
∂f
∂pi
= C[f ]. (2)
The geodesic equations describing the trajectory are
dxµ
dλ
= pµ, (3)
dpµ
dλ
= −Γµνρpνpρ, (4)
so that Eq. (2) becomes
pµ
∂f
∂xµ
− Γiνµpνpµ
∂f
∂pi
= C[f ], (5)
now an integro-partial differential equation (the integrals
appearing on the right-hand side).
There is freedom in choosing the spacetime and mo-
mentum space coordinates. Taking the unadorned in-
dices to denote what we shall call a lab frame coordi-
nate basis (also called a ‘natural’ or ‘holonomic’ basis),
the connection coefficients Γµνρ are given in terms of the
spacetime metric gµν as
Γµνρ =
1
2
gµσ
(
∂gσν
∂xρ
+
∂gσρ
∂xν
− ∂gνρ
∂xσ
)
. (6)
However, it is most convenient to express the particle in-
teractions entering C[f ] in terms of momentum compo-
nents pıˆ reckoned with respect to an orthonormal refer-
ence frame comoving with the fluid (a ‘comoving frame’).
We define a composite transformation
Lµµˆ = e
µ
µ¯Λ
µ¯
µˆ (7)
consisting of a Lorentz boost Λµ¯µˆ from an orthonormal
comoving frame (denoted by indices with a hat) to an
orthonormal lab frame (denoted by indices with a bar),
followed by a transformation to the lab frame coordinate
basis with a local tetrad eµµ¯. This tetrad is independent
of the fluid velocity; it locally transforms the metric into
the Lorentz form (ηµ¯ν¯) = diag[−1, 1, 1, 1]:
eµµ¯e
ν
ν¯ gµν = ηµ¯ν¯ . (8)
Of course, the boost Λµ¯µˆ preserves the Lorentz metric;
this implies that the composite transformation Lµµˆ is
itself also a tetrad. The inverse of Eq. (7) is
Lµˆµ = Λ
µˆ
µ¯e
µ¯
µ, (9)
expressed in terms of the inverse tetrad eµ¯µ and inverse
boost Λµˆµ¯. In terms of lab frame coordinate basis space-
time components and comoving frame momentum com-
ponents, the Boltzmann equation reads
Lµµˆp
µˆ ∂f
∂xµ
− Γıˆνˆµˆpνˆpµˆ
∂f
∂pıˆ
= C[f ], (10)
where the connection coefficients in the comoving frame
are
Γµˆνˆρˆ = L
µˆ
µL
ν
νˆL
ρ
ρˆ Γ
µ
νρ + L
µˆ
µL
ρ
ρˆ
∂Lµνˆ
∂xρ
. (11)
Finally, assuming particles of zero mass, it is convenient
to express the comoving frame null momentum compo-
nents in terms of energy, polar angle, and azimuthal
angle, that is, in terms of momentum space spheri-
cal polar coordinates (denoted by indices with a tilde)(
pı˜
)
= (ǫ, ϑ, ϕ)
T
:
(
pµˆ
)
= ǫ
(
1, ℓ1ˆ, ℓ2ˆ, ℓ3ˆ
)T
= ǫ (1, cosϑ, sinϑ cosϕ, sinϑ sinϕ)
T
, (12)
which also defines the unit normal three-vector ℓıˆ tangent
to the comoving-frame three-momentum pıˆ. In terms of
these momentum space coordinates the Boltzmann equa-
tion now reads
Lµµˆp
µˆ ∂f
∂xµ
− Γıˆνˆµˆpνˆpµˆ
∂p˜
∂pıˆ
∂f
∂p˜
= C[f ], (13)
where
∂p˜
∂pıˆ
=
1
ǫ

 ǫ cosϑ ǫ sinϑ cosϕ ǫ sinϑ sinϕ− sinϑ cosϑ cosϕ cosϑ sinϕ
0 − sinϕ/ sinϑ cosϕ/ sinϑ

 (14)
is the Jacobian relating momentum space spherical and
Cartesian coordinates.
B. Conservative reformulations of the Boltzmann
equation
Conservative reformulations of the Boltzmann equa-
tion are available [44] that render plain its connection to
4number and four-momentum conservation (or balance,
given the presence of source terms), and therefore may
be helpful in attempts to maintain fidelity to global con-
servation laws in numerical simulations.
The number-conservative reformulation of Eq. (13) is
SN +MN = C[f ], (15)
with spacetime divergence SN and momentum space di-
vergence MN given by
SN =
1√−g
∂
∂xµ
(√−g Lµµˆ pµˆ f) , (16)
MN =
1
ǫ sinϑ
∂
∂p˜
(
−ǫ sinϑΓıˆνˆµˆ
∂p˜
∂pıˆ
pνˆpµˆf
)
. (17)
When Eq. (15) is integrated over the invariant momen-
tum space volume element (e.g. Ref. [37])
dP =
√−g εijk d1p
i d2p
j d3p
k
(−p0) (18)
= ǫ sinϑ dǫ dϑ dϕ, (19)
the momentum space divergence term manifestly disap-
pears, leaving the number balance equation
1√−g
∂
∂xµ
(√−g Nµ) = ∫ C[f ] dP
(2π)3
, (20)
where
Nµ =
∫
pµf
dP
(2π)3
(21)
is the number flux vector (e.g. Ref. [37]), expressed here
in terms of the lab frame coordinate basis (note pµ =
Lµµˆ p
µˆ). We use units in which h¯ = c = 1; relative to
works in which instead h = c = 1, this leads to the factors
of (2π)3 in the preceding two equations.
Similarly, the four-momentum-conservative reformula-
tion of Eq. (13) is
(ST )
ρ + (MT )
ρ = Lρρˆ p
ρˆC[f ], (22)
with spacetime divergence ST and momentum space di-
vergence MT given by
(ST )
ρ
=
1√−g
∂
∂xµ
(√−g LρρˆLµµˆ pρˆpµˆ f)
+Γρνµ L
ν
νˆL
µ
µˆ p
νˆpµˆf, (23)
(MT )
ρ
=
1
ǫ sinϑ
∂
∂p˜
(
−ǫ sinϑΓıˆνˆµˆ
∂p˜
∂pıˆ
Lρρˆ p
ρˆpνˆpµˆf
)
.
(24)
When integrated over dP , Eq. (22) yields the four-
momentum balance equation
1√−g
∂
∂xµ
(√−g T ρµ)+ Γρνµ T νµ =
∫
pρ C[f ]
dP
(2π)3
,
(25)
where
T µν =
∫
pµpνf
dP
(2π)3
(26)
is the stress-energy tensor (e.g. Ref. [37]), expressed here
in terms of the lab frame coordinate basis.
C. Variable Eddington tensor formalism
Solving for f in its full dimensionality being compu-
tationally overwhelming, the dimensionality of the prob-
lem can be reduced by considering only its lowest angu-
lar moments. A truncation of the hierarchy of moments
must be performed by means of closure relations (see e.g.
Ref. [25]).
Just as it is most convenient to describe neutrino in-
teractions with the fluid in terms of momentum compo-
nents reckoned in the comoving frame, so also it seems
sensible to define angular moments and prescribe closure
relations in the comoving frame. We define the lowest
angular moments of f (xµ, ǫ,Ω) as follows:
J (xµ, ǫ) = ǫ
∫
f (xµ, ǫ,Ω) dΩ, (27)
Hıˆ (xµ, ǫ) = ǫ
∫
ℓıˆ f (xµ, ǫ,Ω) dΩ, (28)
Kıˆˆ (xµ, ǫ) = ǫ
∫
ℓıˆℓˆ f (xµ, ǫ,Ω) dΩ, (29)
Lıˆˆkˆ (xµ, ǫ) = ǫ
∫
ℓıˆℓˆℓkˆ f (xµ, ǫ,Ω) dΩ, (30)
where ℓıˆ is the unit three-vector tangent to the three-
momentum in the comoving frame, defined in connection
with Eq. (12). The integration over dΩ = sinϑ dϑ dϕ is
performed over the unit sphere. Note that the energy
dependence is retained; these monochromatic moments
are functions of lab frame coordinate basis spacetime po-
sition components xµ and the comoving frame energy ǫ.
(This is the first instance of a convention we employ, of
denoting monochromatic or energy-dependent quantities
with script symbols.) The flux-limited diffusion approx-
imation entails truncation of the hierarchy at the zeroth
moment J , with prescriptions for the first and second
moments Hıˆ and Kıˆˆ in terms of J . In the variable Ed-
dington tensor approach the hierarchy is truncated atHıˆ,
with the next higher moments rewritten as
Kıˆˆ = kıˆˆJ , (31)
Lıˆˆkˆ = lıˆˆkˆJ , (32)
that is,
kıˆˆ =
∫
ℓıˆℓˆ f dΩ∫
f dΩ
, (33)
lıˆˆkˆ =
∫
ℓıˆℓˆℓkˆ f dΩ∫
f dΩ
. (34)
5A number of different approaches to computing the Ed-
dington tensors kıˆˆ and lıˆˆkˆ might be taken; several are
reviewed in Ref. [25]. Specific analytic choices used in
some recent calculations are spelled out in Refs. [18, 31–
33]. An alternative method in e.g. Refs. [29, 30] involves
Eddington factors numerically extracted from the solu-
tion of a simplified Boltzmann equation. Full elaboration
of closure schemes is beyond the scope of this paper, but
we further discuss in Sec. III C the general forms the Ed-
dington tensors must take.
We choose the variable Eddington tensor approach,
and note that we require four equations for the four un-
knowns J , Hıˆ (in addition to whatever scheme is used to
compute the Eddington tensors). Inspection of Eqs. (22)-
(26) indicates that the four-momentum conservative for-
mulation of the Boltzmann equation may serve as a suit-
able basis for the four equations we require. They are
suggestive of conservative evolution of zeroth and first
moments in the lab frame coordinate basis, which may
prove helpful in maintaining numerical four-momentum
conservation; yet the arguments of the spacetime and mo-
mentum space divergences can nevertheless be expressed
in terms of the comoving-frame moments J , Hıˆ we must
take as our primitive unknowns.
We prepare to implement this strategy with some ad-
ditional definitions. We define a monochromatic stress
energy, whose components are functions of lab frame co-
ordinate basis spacetime position components xµ and the
comoving frame energy ǫ:
T µˆνˆ (xµ, ǫ) = 1
ǫ
∫
pµˆpνˆ f (xµ, ǫ,Ω) dΩ. (35)
Its components are related to the comoving frame mo-
ments by(
T 0ˆ0ˆ T 0ˆˆ
T ıˆ0ˆ T ıˆˆ
)
=
(J Hˆ
Hıˆ Kıˆˆ
)
=
(J Hˆ
Hıˆ kıˆˆJ
)
. (36)
Similarly we define
U µˆνˆρˆ (xµ, ǫ) = 1
ǫ
∫
pµˆpνˆpρˆ f (xµ, ǫ,Ω) dΩ, (37)
whose components are given by
U 0ˆµˆνˆ = U µˆ0ˆνˆ = U µˆνˆ0ˆ = ǫ T µˆνˆ , (38)
U ıˆˆkˆ = ǫLıˆˆkˆ = ǫ lıˆˆkˆJ . (39)
The bottom line is that all the components of both T µˆνˆ
and U µˆνˆρˆ are just our primitive unknowns J and Hıˆ,
modulo factors (taken to be known) of ǫ, kıˆˆ, and lıˆˆkˆ.
We obtain our equations for J and Hıˆ by integrating
Eq. (22) over dΩ and dividing by ǫ:
(ST )
ρ + (MT )
ρ = Lρρˆ
∫
pρˆ
ǫ
C[f ] dΩ, (40)
where the angle-integrated spacetime divergence (ST )
ρ
and momentum space divergence (MT )
ρ
(now denoted
in a sans-serif font to distinguish them from the uninte-
grated (ST )
ρ and (MT )
ρ) are given by
(ST )
ρ =
1√−g
∂
∂xµ
(√−g LρρˆLµµˆ T ρˆµˆ)
+Γρνµ L
ν
νˆL
µ
µˆ T νˆµˆ, (41)
(MT )
ρ
=
1
ǫ2
∂
∂ǫ
(
−ǫ Lρρˆ
∫
Γıˆνˆµˆ
∂p1˜
∂pıˆ
pρˆpνˆpµˆ f dΩ
)
.
(42)
To further simplify (MT )
ρ
, note that
∂p1˜
∂pıˆ
=
pıˆ
ǫ
(43)
by virtue of Eq. (12) and the first row of Eq. (14); and
that [44]
Γıˆνˆµˆ pıˆ p
νˆpµˆ = ǫΓ0ˆνˆµˆ p
νˆpµˆ. (44)
This equation, which follows from 0 = d
(
pµˆpµˆ
)
/dλ =
2 pµˆ dp
µˆ/dλ and Eq. (4), is important because it makes
only the third (rather than fourth) moment appear. With
these relations we obtain
(MT )
ρ
=
1
ǫ2
∂
∂ǫ
(
−ǫ2 Lρρˆ Γ0ˆνˆµˆ U ρˆνˆµˆ
)
(45)
for the angle-integrated momentum space divergence.
Equations (40), (41), and (45) are the relations we
seek. They provide four equations (ρ = 0, 1, 2, 3) for
our four primitive unknowns J and Hıˆ, the comoving
frame angular moments; this is because the components
of T µˆνˆ and U µˆνˆρˆ are in fact J and Hıˆ, modulo factors
(taken to be known) of the comoving energy ǫ and Ed-
dington tensors kıˆˆ and lıˆˆkˆ (see Eqs. (36), (38), and (39)).
Moreover, Eqs. (40), (41), and (45) are conservative in
(that is, expressed in terms of divergences with respect
to) our chosen phase space coordinates—the lab frame
coordinate basis spacetime position coordinates xµ and
the comoving frame neutrino energy ǫ.
D. Four-momentum and lepton number exchange
The right-hand side of Eq. (40) is intimately related
to source terms for the fluid energy and momentum
equations. From the right-hand side of Eq. (40), the
monochromatic four-momentum source qνa for neutrino
species a is
qνa = L
ν
µˆ
∫
pµˆ
ǫ
Ca[f ] dΩ. (46)
Integrating ǫ2/(2π)3 times Eqs. (40), (41), and (45) over
neutrino energy ǫ for a particular neutrino species a, we
have
∇µT νµa =
∫
qνa
ǫ2 dǫ
(2π)3
≡ Qνa, (47)
6where ∇µ denotes the covariant derivative. The diver-
gence of the total stress-energy—which includes the fluid
and all species of neutrinos—must vanish:
∇µ
(
T νµfluid +
∑
a
T νµa
)
= 0. (48)
By virtue of Eq. (47) we have
∇µT νµfluid = −
∑
a
Qνa, (49)
which expresses the four-momentum exchange between
the fluid and the neutrinos.
To address the exchange of electron lepton number we
must consider the number-conservative neutrino equa-
tion. We begin by defining a monochromatic number
flux
N µˆ (xµ, ǫ) = 1
ǫ
∫
pµˆ f (xµ, ǫ,Ω) dΩ. (50)
Inspection of Eqs. (12), (35) and (36) shows that it is
related to the monochromatic stress energy and comoving
moments by
(N µˆ) = 1
ǫ
(
T 0ˆµˆ
)
=
1
ǫ
(
T µˆ0ˆ
)
=
1
ǫ
(J ,Hıˆ)T . (51)
Following steps similar to those used to obtain Eqs. (40),
(41), and (45), we integrate the number conservative
Eq. (15) over dΩ and divide by ǫ to obtain
SN +MN =
1
ǫ
∫
C[f ] dΩ, (52)
where the spacetime divergence SN and momentum space
divergence MN are given by
SN =
1√−g
∂
∂xµ
(√−g LµµˆN µˆ) , (53)
MN =
1
ǫ2
∂
∂ǫ
(
−ǫ2 Γ0ˆνˆµˆ T νˆµˆ
)
. (54)
We define a monochromatic lepton number source ra for
neutrino species a from the right-hand side of Eq. (52):
ra =
1
ǫ
∫
Ca[f ] dΩ. (55)
Integrating ǫ2/(2π)3 times Eqs. (52)-(54) over neutrino
energy ǫ for neutrino species a, we have
∇µNµa =
∫
ra
ǫ2 dǫ
(2π)3
≡ Ra. (56)
The divergence of the total electron lepton number van-
ishes:
∇µ
(
Nµe +N
µ
νe −Nµν¯e
)
= 0, (57)
where Nµe is the net electron number flux vector of the
fluid. By virtue of Eq. (56) we have
∇µNµe = −Rνe +Rν¯e , (58)
which expresses electron lepton number exchange be-
tween the fluid and the neutrinos.
Moreover, the lepton number source on the right-
hand side of Eq. (58) is intimately related to the four-
momentum sources. Comparing Eqs. (55) and (46), we
see that
ra =
1
ǫ
L0ˆµq
µ
a (59)
(note that L0ˆµL
µ
νˆ = δ
0ˆ
νˆ).
The numerical consistency of a scheme in which the
lepton number exchange is expressed in terms of the four-
momentum exchange via Eq. (59)—which consistency
presumably has consequences for simultaneous conserva-
tion of four-momentum and lepton number [51]—depends
on the discretizations chosen for Eqs. (40), (41), and (45).
(This is true regardless of whether the fluid/neutrino
couplings are handled in an operator split fashion, e.g.
Refs. [29, 30, 52]; or simultaneously with the solution
of the transport equations in a single implicit solve, e.g.
Refs. [19, 51].) To see this, note that the relation em-
ployed in Eq. (59) between the right-hand sides of the
number and four-momentum equations should apply to
the left-hand sides as well. In particular, the identity
SN +MN =
1
ǫ
L0ˆρ [(ST )
ρ + (MT )
ρ] (60)
should hold for the discretized equations. Examining the
first term on the right-hand side, we find using Eqs. (41)
and (51) that
1
ǫ
L0ˆρ (ST )
ρ = SN +
1
ǫ
(
L0ˆρL
ν
νˆL
µ
µˆΓ
ρ
νµ
−LρνˆLµµˆ ∂L
0ˆ
ρ
∂xµ
)
T νˆµˆ. (61)
For the second term on the right-hand side of Eq. (60),
we find using Eqs. (45) and (38) that
1
ǫ
L0ˆρ (MT )
ρ
= MN − 1
ǫ
Γ0ˆνˆµˆ T νˆµˆ. (62)
Thus we see that in the sum of the above two equations,
the ‘extra’ terms on the right do indeed cancel by virtue
of Eq. (11). (Note that Lρνˆ ∂µL
0ˆ
ρ = −L0ˆρ ∂µLρνˆ , thanks
to 0 = ∂µ
(
δ0ˆνˆ
)
= ∂µ
(
L0ˆρL
ρ
νˆ
)
.) Ideally, the analytic
steps confirming Eq. (60) can be followed in the discrete
limit in order to find a discretization of Eqs. (40), (41),
and (45) that is consistent with respect to both four-
momentum and lepton number exchange.
7III. SPECIALIZATION TO THE 3+1 METRIC
After briefly reviewing the 3+1 formulation of gen-
eral relativity, we show how thinking in terms of three
vectors—the four velocity nu of Eulerian observers, the
four-velocity uµ of Lagrangian observers, and the (co-
variant) relative three-velocity vµ that connects them—
facilitates a full elaboration of the 3+1 variable Edding-
ton tensor moment equations, including the detailed re-
lationship between these and the number exchange equa-
tion.
A. Description and evolution of the geometry
Numerical relativity often is built upon the 3+1 formu-
lation of general relativity. In this approach one considers
a foliation of spacetime into spacelike slices, i.e. three-
dimensional hypersurfaces Σt labeled by coordinate time
t (= x0 in our lab frame coordinate basis). The summary
below serves to establish notation and spells out only the
results we need here. Pedagogical introductions include
Refs. [53–55].
Generic metric components in the 3+1 formulation are
found from consideration of a ‘thin sandwich’ of space-
time bounded by two spacelike slices Σt and Σt+dt. In
particular we consider the spacetime interval ds between
two points: xµ in Σt, and x
µ+dxµ in Σt+dt. With proper
time interval dτ orthogonal to Σt, and proper length
interval dℓ tangent to Σt, ds is given by a Lorentzian
version of the pythagorean theorem (note the signature
-+++):
ds2 = −dτ2 + dℓ2. (63)
Denote the orthogonal proper time at xµ between Σt and
Σt+dt
dτ = αdt, (64)
and call α the lapse function. In considering the proper
length dℓ between xµ in Σt and the orthogonal projection
of xµ + dxµ in Σt+dt onto Σt, we note that the curves
xi = constant traced out by the spatial coordinates need
not be orthogonal to Σt. That is, the spatial coordinates
may be moving as seen by an observer at rest in Σt, such
that they shift by a coordinate distance βi dt between Σt
and Σt+dt. Allowing for such a shift vector β
i (which is
tangent to Σt), and letting γij denote the three-metric
within Σt, we have
dℓ2 = γij
(
dxi + βi dt
) (
dxj + βj dt
)
. (65)
Comparing Eqs. (63)-(65) with the line element ds2 =
gµν dx
µ dxν , we read off the metric components
(gµν) =
(−α2 + βkβk βj
βi γij
)
. (66)
The inverse metric is
(gµν) =
(−1/α2 βj/α2
βi/α
2 γij − βiβj/α2
)
. (67)
The three-metric γij and its inverse γ
ij lower and raise
the indices of three-vectors within (tangent to) the space-
like slice, as in βi = γijβ
j and βi = γijβj . Finally,
√−g = α√γ (68)
expresses the determinant g of the four-metric in terms
of the lapse function and the determinant γ of the three-
metric.
Solution of the Einstein equations for the met-
ric components—nonlinear partial differential equations,
second order in space and time—constitutes knowledge
of spacetime. In the 3+1 approach, solution of the Ein-
stein equations is transformed into a Cauchy problem:
specify initial data (satisfying certain constraints from
the Einstein equations) on an initial spacelike slice; and
with coordinate freedom fixed and spatial boundary con-
ditions specified, evolve the geometry of the spacelike
slices forward in time. Of the ten degrees of freedom
associated with the metric components (the number of
independent elements in a 4× 4 symmetric matrix), four
correspond to the freedom in general relativity to choose
any spacetime coordinates whatsoever, leaving six phys-
ical degrees of freedom to be determined. The standard
way to think about the coordinate freedom in the 3+1
approach is to regard the lapse function α and shift vec-
tor βi as freely specifiable functions in time and space,
associated respectively with the choice of time coordinate
(i.e. the foliation or spacetime slicing) and the choice of
spatial coordinates (in particular the motion of these co-
ordinates as seen by an observer at rest in a slice). In
order to facilitate practical solution by forward evolution
in time, the second-order-in-time system is transformed
to double the number of equations, first order in time, for
double the number of dynamical variables. In particular,
the above phrase “evolve the geometry of the spacelike
slices forward in time” corresponds to evolution of (a)
the six independent components of the three-metric γij
governing the geometry within a slice, and (b) the six
independent components of the extrinsic curvature Kij
(another symmetric tensor tangent to the spacelike slice)
that describes the warp of the spacelike slices as embed-
ded in spacetime. Here we do not show these evolution
equations; in what follows, we simply regard γij and Kij
as given, for instance as having been obtained by numer-
ical solution (often of even further transformed systems,
as for instance in BSSN and related approaches); see e.g.
Refs. [55–57].
B. Four-velocity of Eulerian observers and the
spacetime divergence
In dealing with various forms of stress energy and the
equations that govern them in the 3+1 context, two help-
8ful tensors are the unit normal nµ and the orthogonal
projector γµν . The unit normal n
µ to a spacelike slice at
a given point can be regarded as the four-velocity of an
Eulerian observer, i.e. one at rest in the lab frame. In
the lab frame coordinate basis its components are
(nµ) = (1/α,−βi/α)T , (69)
(nµ) = (−α, 0, 0, 0). (70)
Note that indeed nµn
µ = gµνn
µnν = −1 as expected of
a unit vector. The orthogonal projector is
γµν = gµν + nµnν . (71)
From Eqs. (66) and (70) it follows that the spatial part
of γµν equals the three-metric γij , motivating use of the
same base symbol. While contraction of an arbitrary
vector with nµ yields the portion orthogonal to a space-
like slice, contraction with γµν = gµν + nµnν yields the
portion tangent to the spacelike slice. Indeed a trivial
calculation confirms that γµνn
ν = 0.
The unit normal and orthogonal projector can be used
to decompose a stress-energy tensor T µν . The ‘Eulerian
projections’
E = nµnνT
µν , (72)
Fµ = −nνγµρT νρ, (73)
Sµν = γµργ
ν
σT
ρσ (74)
are respectively the energy density, momentum density
(or energy flux), and stress measured by an Eulerian ob-
server. The momentum density and stress are spacelike,
i.e. tangent to the spacelike slice:
nµF
µ = 0, (75)
nµS
µν = nνS
µν = 0. (76)
In terms of Eqs. (72)-(74), a stress-energy tensor can be
decomposed as
T µν = E nµnν + Fµnν + F νnµ + Sµν . (77)
We call this the ‘Eulerian decomposition’ of T µν . Em-
phasizing the spacelike character of Fµ and Sµν (see
Eqs. (75) and (76)), it can be re-expressed
T µν = E nµnν + F iγµin
ν + F iγνin
µ + Sijγµiγ
ν
j (78)
in the lab frame coordinate basis.
Turning from a generic stress-energy tensor to the
neutrino radiation in particular, we similarly define the
Eulerian projections and Eulerian decomposition of the
monochromatic neutrino stress-energy
T µν = LµµˆLν νˆ T µˆνˆ , (79)
whose comoving frame components T µˆνˆ were given in
Eqs. (35) and (36). The coordinate transformation Lµµˆ
from the orthonormal comoving frame to the lab frame
coordinate basis was discussed in Sec. II A. The Eulerian
projections
E = nµnνT µν , (80)
Fµ = −nνγµρT νρ, (81)
Sµν = γµργνσT ρσ (82)
are respectively the monochromatic neutrino energy den-
sity, momentum density, and stress as measured by an
Eulerian observer. The momentum density and stress
are spacelike,
nµFµ = 0, (83)
nµSµν = nνSµν = 0, (84)
and
T µν = E nµnν + Fµnν + Fνnµ + Sµν (85)
is the Eulerian decomposition of the monochromatic
stress-energy.
The results in Appendix A for the four components of
the spacetime divergence ∇µT µν of a stress-energy ten-
sor can be adapted immediately to the spacetime diver-
gence (ST )
ν
of the monochromatic particle stress-energy
in Eq. (41). In particular we make the formal replace-
ments
T µν → T µν , (86)
E → E , (87)
Fµ → Fµ, (88)
Sµν → Sµν . (89)
From Eq. (A14), the projection of the spacetime di-
vergence orthogonal to the spacelike slice—which con-
tributes to the neutrino energy equation—is
− nν (ST )ν = 1
α
√
γ
[
∂ (DT,n)
∂t
+
∂ (FT,n)
i
∂xi
− GT,n
]
,
(90)
where
DT,n =
√
γE , (91)
(FT,n)
i
=
√
γ
(
αF i − βiE) , (92)
GT,n = −α√γ
(F i
α
∂α
∂xi
− SijKij
)
(93)
are respectively the ‘conserved’ energy density, energy
flux, and gravitational power associated with the neutri-
nos. From Eq. (A31), the projection of the spacetime
divergence orthogonal to the spacelike slice—which con-
tributes to the neutrino momentum equation—is
γjν (ST )
ν
=
1
α
√
γ
[
∂ (DT,γ)j
∂t
+
∂(FT,γ)
i
j
∂xi
− (GT,γ)j
]
,
(94)
9where
(DT,γ)j =
√
γFj, (95)
(FT,γ)
i
j =
√
γ
(
αSij − βiFj
)
, (96)
(GT,γ)j = −α
√
γ
(E
α
∂α
∂xj
− Fi
α
∂βi
∂xj
− S
ik
2
∂γik
∂xj
)
(97)
are respectively the ‘conserved’ momentum density, mo-
mentum flux, and gravitational force associated with the
neutrinos. Note that E (xρ, ǫ), Fµ (xρ, ǫ), and Sµν (xρ, ǫ)
are functions of the lab frame spacetime coordinates
xρ and the neutrino energy ǫ reckoned in a comoving
frame. Their relations to the primitive variables J (xρ, ǫ)
and Hıˆ (xρ, ǫ) follow from Eqs. (80)-(82), (79), (7), and
(36); but see also the following two subsections and Ap-
pendix B. The projections of the spacetime divergence
presented here are in accord with the corresponding
terms in Eqs. (3.37) and (3.38) of Shibata et al. [32].
C. Four-velocity of Lagrangian observers and the
momentum space divergence
Before turning to the momentum space divergence,
it will be helpful to begin rewriting in covariant form
some of the expressions we have given involving comov-
ing frame components, by writing them in terms of the
four-velocity uµ of Lagrangian observers (i.e. those at
rest with respect to the fluid). In an orthonormal co-
moving frame we have(
uµˆ
)
= (1, 0, 0, 0)
T
, (98)
(uµˆ) = (−1, 0, 0, 0) . (99)
Thus for example
ǫ = −u0ˆp0ˆ = −uµˆpµˆ = −uµpµ (100)
is the neutrino energy measured by a Lagrangian ob-
server, expressed in terms of lab frame coordinate basis
components uµ = uµˆL
µˆ
µ and p
µ = Lµµˆp
µˆ (the coordi-
nate transformation Lµµˆ from the orthonormal comoving
frame to the lab frame coordinate basis, and its inverse
Lµˆµ, were discussed in Sec. II A).
Turning to the comoving frame angular moments J ,
Hıˆ, and Kıˆˆ defined in Eqs. (27)-(30), we can define co-
variant versions by extending ℓıˆ to a unit four-vector
ℓµ satisfying ℓµℓ
µ = 1. This vector is spacelike in
the comoving frame, with comoving frame components(
ℓµˆ
)
= (0, ℓ1ˆ, ℓ2ˆ, ℓ3ˆ)T , and is thus orthogonal to uµ, i.e.
uµℓ
µ = 0 (101)
in any basis. Thus ǫ ℓµ is a covariant representation
of the three-momentum measured by a Lagrangian ob-
server. Covariant representations of the comoving frame
angular moments are
J = ǫ
∫
f dΩ, (102)
Hµ = ǫ
∫
ℓµ f dΩ, (103)
Kµν = ǫ
∫
ℓµℓν f dΩ, (104)
Lµνρ = ǫ
∫
ℓµℓνℓρ f dΩ, (105)
where the integration is still performed with respect to
the comoving frame solid angle.
While in Eqs. (31)-(34) we nominally defined closure of
the system in terms of the comoving frame components
Kıˆˆ and Lıˆˆkˆ of the second and third angular moments,
in practice we may be able to obtain the lab frame co-
ordinate basis components Kµν and Lµνρ without ever
explicitly transforming any of the moments to and/or
from the comoving frame using the transformations Lµˆµ
and Lµµˆ discussed in Sec. II A. (Applying the closures
without any reference to comoving frame components is
desirable because it would be a hassle to have to work
explicitly with the transformations Lµˆµ and L
µ
µˆ. These
will be quite complicated in the general multidimensional
case, because neither the metric gµν , nor therefore the
tetrad eµµ¯, nor either the boost Λ
µ¯
µˆ, will be diagonal.
Moreover, it would be necessary to apply the tetrad to
the coordinate basis velocity variables obtained with the
hydrodynamics solver in order to get the velocity parame-
ters appearing in the boost. Working only with lab frame
coordinate basis components of the comoving frame an-
gular moments avoids these complications.) Following
Ref. [58], we note that if Kµν is regarded as a function of
the zeroth and first moments J andHµ, the most general
symmetric expression that (a) is spacelike relative to uµ,
and (b) satisfies the trace condition Kµµ = J (obvious
from Eqs. (102) and (104)), is of the form
Kµν = 1
3
J hµν + a(J ,H)
(
HµHν − 1
3
H2hµν
)
, (106)
where H =√HµHµ, and
hµν = gµν + uµuν (107)
is the orthogonal projector relative to uµ. We extend
this thinking to the third moment, finding the unique
expression
Lµνρ = 1
5
(Hµhνρ +Hρhµν +Hνhρµ)
+b(J ,H)
[
HµHνHρ
−1
5
H2 (Hµhνρ +Hρhµν +Hνhρµ)
]
(108)
satisfying the trace conditions (obvious from Eqs. (103)
and (105))
Lµµρ = Hρ, Lµνµ = Hν , Lµνν = Hµ. (109)
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The point is that when Kµν and Lµνρ are obtained only
from knowledge of J and Hµ, in principle the only free-
dom in the closures are the scalar functions a(J ,H) and
b(J ,H), in which the magnitude H = √HµHµ can be
evaluated in terms of lab frame coordinate basis compo-
nents.
Consider next the monochromatic stress energy T µν .
As can be confirmed in the comoving frame, the neutrino
momentum pµ can be covariantly decomposed as
pµ = ǫ (uµ + ℓµ) , (110)
i.e. into portions tangent and orthogonal to the La-
grangian observer four-velocity uµ. Using this in the
monochromatic stress energy
T µν = 1
ǫ
∫
pµpν f dΩ (111)
(see Eqs. (35) and (79)), one can see that the ‘Lagrangian
projections’
J = uµuνT µν , (112)
Hµ = −uνhµρT νρ, (113)
Kµν = hµρhνσT ρσ, (114)
do in fact yield Eqs. (102)-(104). (Recall that hµν , given
by Eq. (107), is the orthogonal projector relative to uµ.)
Thus the moments J , Hµ, and Kµν are respectively the
monochromatic neutrino energy density, momentum den-
sity, and stress measured by a Lagrangian observer. Note
that Hµ and Kµν are spacelike in the comoving frame:
uµHµ = 0, (115)
uµKµν = uνKµν = 0. (116)
Therefore T µν can be written as the ‘Lagrangian decom-
position’
T µν = J uµuν +Hµuν +Hνuµ +Kµν , (117)
which provides an alternative to the Eulerian decompo-
sition of Eq. (85) in terms of the energy density, mo-
mentum density, and stress measured by an Eulerian ob-
server.
Eqs. (85) and (117) can be used to write the monochro-
matic energy density, momentum density, and stress mea-
sured by an Eulerian observer (E , Fµ, and Sµν) in terms
of their counterparts measured by a Lagrangian observer
(J , Hµ, and Kµν), and vice-versa. In one direction, use
Eqs. (80)-(82) and substitute Eq. (117) on the right-hand
side. In the other direction, use Eqs. (112)-(114) and sub-
stitute Eq. (85) on the right-hand side. We will say more
about this in the next subsection and in Appendix B.
Next we turn to the third momentum moment Uρµν ,
given by
Uµνρ = 1
ǫ
∫
pµpνpρ f dΩ (118)
(see Eq. (37)). Note that
− uρ Uρµν = −uρ Uµρν = −uρ Uµνρ = ǫ T µν (119)
is a covariant version of Eq. (38). Using Eq. (110) in
Eq. (118) and comparing with Eqs. (102)-(105), we find
ǫJ = −uµuνuρ Uµνρ, (120)
ǫHµ = uνuρhµσ Uνρσ , (121)
ǫKµν = −uρhµσhνκ Uρσκ, (122)
ǫLµνρ = hµσhνκhρλUσκλ (123)
for the Lagrangian projections of Uµνρ. The associated
Lagrangian decomposition is
Uµνρ = ǫ (J uµuνuρ +Hµuνuρ +Hνuµuρ +Hρuµuν
+Kµνuρ +Kµρuν +Kρνuµ + Lµνρ) . (124)
Eqs. (119) and (124) are special to contraction and de-
composition respectively with respect to the Lagrangian
observer four-velocity uµ. That is, the identity (up to a
factor ǫ) of the Lagrangian projections J , Hµ, and Kµν
of T µν with the Lagrangian projections of Uµνρ (except
of course for the irreducible Lµνρ) holds due to our choice
to measure energies and define angular moments in the
comoving frame. We can define (and in fact will use) the
Eulerian projections of Uµνρ,
Z = −nµnνnρ Uµνρ, (125)
Yµ = nνnργµσ Uνρσ, (126)
Xµν = −nργµσγνκ Uρσκ, (127)
Wµνρ = γµσγνκγρλUσκλ, (128)
and construct the associated Eulerian decomposition of
Uµνρ:
Uµνρ = Znµnνnρ + Yµnνnρ + Yνnµnρ + Yρnµnν
+Xµνnρ + Xµρnν + X ρνnµ +Wµνρ. (129)
The relationships between the Eulerian projections Z,
Yµ, Xµν , and Wµνρ of Uµνρ and the Eulerian projec-
tions E , Fµ, and Sµν of T µν are not as simple as the
relationships between the coefficients of Eqs. (117) and
(124). Nevertheless, useful relationships between the Eu-
lerian projections of Uµνρ and T µν do exist and will be
presented in the next subsection.
In a different vein, another comoving frame expression
that can be written in covariant form thanks to Eq. (99)
is
Γ0ˆνˆµˆ = −Γ0ˆνˆµˆu0ˆ = −Γρˆνˆµˆuρˆ = ∇µˆuνˆ − ∂µˆuνˆ
= ∇µˆuνˆ , (130)
a covariant expression for the connection coefficients ap-
pearing in Eq. (45).
Having obtained these expressions rewritten covari-
antly in terms of the Lagrangian observer four-velocity
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uµ, we are ready to consider the momentum space diver-
gence. Using Eq. (130), the angle-integrated momentum
space divergence of Eq. (45) can be written
(MT )
ρ
=
1
ǫ2
∂
∂ǫ
(−ǫ2Lρρˆ U ρˆνˆµˆ∇µˆuνˆ) , (131)
or, taking advantage of the covariant nature of this ex-
pression,
(MT )
ρ
=
1
ǫ2
∂
∂ǫ
(−ǫ2 Uρνµ∇µuν) , (132)
where Uρνµ is given by Eqs. (124) or (129). Projecting
orthogonal and tangent to the spacelike slice, we have
− nρ (MT )ρ = 1
ǫ2
∂
∂ǫ
(
ǫ2 nρ Uρνµ∇µuν
)
, (133)
γjρ (MT )
ρ
=
1
ǫ2
∂
∂ǫ
(−ǫ2 γjρ Uρνµ∇µuν) . (134)
Up to multiplicative factors of ǫ in defining the moments,
the projections of the momentum space divergence (i.e.
energy derivative) presented here are in accord with the
corresponding terms in Eqs. (3.37) and (3.38) of Shibata
et al. [32].
D. Three-velocity of Lagrangian observers and the
relation between the lab and comoving frames
In Section II we obtained expressions in terms of lab
frame coordinate basis spacetime position components xµ
and comoving frame orthonormal basis momentum com-
ponents pıˆ through application of coordinate transfor-
mations Lµµˆ, but in the context of the 3+1 formulation
there is a more fruitful way of expressing the relation-
ship between the lab and comoving frames. In particular
the Lagrangian observer four-velocity uµ (i.e. the four-
velocity of the fluid) can be ‘Eulerian decomposed’ into
parts orthogonal and tangent to the spacelike slice, that
is to say, parts tangent and orthogonal to the Eulerian
observer four-velocity nµ:
uµ = Λ (nµ + vµ) . (135)
The orthogonality requirement on vµ,
nµv
µ = 0, (136)
implies (see Eq. (70)) that vµ is spacelike and has com-
ponents
(vµ) =
(
0, vi
)T
(137)
in the lab frame coordinate basis. The interpretation of
vµ as the three-velocity of a Lagrangian observer as mea-
sured by an Eulerian observer is confirmed by squaring
Eq. (135) to find the expected Lorentz factor
Λ = (1− vµvµ)−1/2 =
(
1− vivi
)−1/2
(138)
for a boost between frames with relative three-velocity
vµ. (Recall that uµu
µ = nµn
µ = −1. The scalar Lorentz
factor Λ lacks indices and will not be confused with the
Lorentz boost Λµ¯µˆ.)
In the previous subsection we mentioned finding the
monochromatic energy density, momentum density, and
stress measured by an Eulerian observer (E , Fµ, and Sµν)
in terms of their counterparts measured by a Lagrangian
observer (J , Hµ, and Kµν), and vice-versa. In sub-
stituting the Lagrangian decomposition of Eq. (117) in
Eqs. (80)-(82), the factors of nµ and γ
µ
ν can be expressed
in terms of uµ and vµ via Eq. (135). Using also Eqs. (115)
and (116), this provides an alternate route to the rela-
tions obtained more tediously from the transformation
T µν = LµµˆLν νˆ T µˆνˆ and Eq. (36). The explicit results
are analogous to those obtained [39] via Lorentz trans-
formations in special relativity. They are not particularly
illuminating, but for completeness we exhibit them in Ap-
pendix B. The inverse relations for the Lagrangian pro-
jections in terms of the Eulerian projections—obtained
by substituting Eq. (85) in Eqs. (112)-(114)—are even
less illuminating, and we do not even bother to display
them in an appendix. Relations between E , Fµ, Sµν
and J , Hµ, Kµν will of course be needed in numerical
work, but it may be best to perform the contractions
in Eqs. (80)-(82) or (112)-(114) numerically rather than
code tedious analytic expressions.
We also use Eqs. (135) and (136) in fulfilling our
promise, made in the previous subsection, to relate the
Eulerian projections of Uµνρ in Eq. (129) to those of T µν
in Eq. (85). These relations are obtained by plugging
Eq. (129) into Eq. (119) and comparing the results with
Eq. (85) for the coefficients of outer products of two, one,
and zero copies of nµ. The results are
Λ (Z − vµYµ) = ǫ E , (139)
Λ (Yµ − vνXµν) = ǫFµ, (140)
Λ (Xµν − vρWµνρ) = ǫSµν . (141)
These can be ‘unraveled’ in reverse order to give
ΛXµν = ǫSµν + ΛvρWµνρ, (142)
ΛYµ = ǫFµ + vν (ǫSµν + ΛvρWµνρ) , (143)
ΛZ = ǫ E + vµ [ǫFµ + vν (ǫSµν + ΛvρWµνρ)] .
(144)
We discussed finding the Eulerian projections E , Fµ,
and Sµν in terms of the Lagrangian J , Hµ, and Kµν
(i.e. the comoving frame angular moments) in the pre-
vious paragraph; see also Appendix B. There remains
the third moment Wµνρ, which can be found in terms of
J , Hµ, Kµν , and Lµνρ through Eq. (128), using the La-
grangian decomposition of Eq. (124) on the right-hand
side. Similarly, Eqs. (125)-(127) can be used in lieu of
Eqs. (142)-(144) to directly obtain Z, Yµ, and Xµν in
terms of J , Hµ, Kµν , and Lµνρ as well. Again we re-
serve explicit expressions for Appendix B; and again we
also emphasize that it may be best to numerically per-
form the contractions in Eqs. (125)-(128)—or, in the in-
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verse case, Eq. (123)—rather than code tedious analytic
expressions.
These Eulerian projections come into play in mak-
ing the momentum space divergence more explicit, for
we use the Eulerian decomposition of Uρνµ given by
Eq. (129) and the Eulerian decomposition of uν given
by Eq. (135) in expanding the expression Uρνµ∇µuν ap-
pearing in Eqs. (133) and (134). At first glance the use
of these Eulerian decompositions may seem to compli-
cate things. With our choice to measure neutrino mo-
mentum components and define angular moments in the
comoving frame, the Lagrangian decomposition of Uρνµ
in Eq. (124) is simpler in the sense described in Section
III C, and indeed uν is the four-velocity of Lagrangian
observers; so why not stay with these Lagrangian expres-
sions? The problem is that we cannot stay in ‘Lagrangian
world’—in the comoving frame—altogether, much as we
might like to, because the covariant derivative ∇µuν is
with respect to the lab frame coordinate basis. We have
swept the connection coefficients in Eq. (45) temporarily
under the rug via Eq. (130), but lab frame coordinate
basis connection coefficients still lurk in the covariant
derivative ∇µuν .
Given the unavoidable necessity of facing the relation
between the lab and comoving frames in one way or an-
other, there are significant advantages to consistent use of
Eulerian decompositions, in which the relation between
frames is focused more in the three-velocity vµ of a La-
grangian observer as measured by an Eulerian observer,
than in the coordinate transformations Lµµˆ of Eq. (7).
If we stay with Eq. (45), we face the unpleasant
prospect of evaluating Eq. (11) for the transformed con-
nection coefficients. Even rewritten as Eq. (132), we face
lab frame coordinate basis connection coefficients when
using the Lagrangian decomposition of Uρνµ and leaving
the Lagrangian observer four-velocity uν as is. But as
derivations in Appendices A and C show, the fact that
Eulerian decompositions are most natural in the 3+1 ap-
proach allows us to almost completely avoid explicit en-
counters with connection coefficients.
Moreover, consistent use of the Eulerian perspective—
both in projecting out the portions of the phase space
divergence orthogonal and tangent to the spacelike slice,
and in Eulerian decompositions of Uρνµ and uν—also
turns out to preclude any appearance of time derivatives
of metric functions, even in intermediate steps. Time
derivatives of the lapse function α and shift vector βi
would be particularly inconvenient in numerical work, as
these do not normally have evolution equations associ-
ated with them. (Unfortunately, we shall see that time
derivatives of the Lorentz factor Λ and three-velocity vi
remain; these are something of a nuisance, but at least in
principle they could be written in terms of spatial deriva-
tives via hydrodynamics evolution equations.)
Finally, the Eulerian decomposition of Uρνµ is more
readily tied to the Eulerian decomposition of T νµ, i.e. to
the energy density E , momentum density Fµ, and stress
Sµν measured by an Eulerian observer. This is advanta-
geous in relating four-momentum conservation to lepton
number conservation, for cancellations must occur be-
tween the spacetime and momentum space divergences,
and it is E , Fµ, and Sµν that appear in the spacetime
divergence in Eqs. (90) and (94).
Details of the calculation of Uρνµ∇µuν , using the Eu-
lerian decompositions of Uρνµ and ∇µuν , are given in
Appendix C. Using those results for the projection or-
thogonal to the spacelike slice, we have
− nν (MT )ν = 1
α
√
γ
1
ǫ2
∂
∂ǫ
[
ǫ2 (RT,n + OT,n)
]
, (145)
where
RT,n = α
√
γ Λ
[(Zvi − Yi)
α
∂α
∂xi
− Ykv
i
α
∂βk
∂xi
−X
kivm
2
∂γki
∂xm
+ X kiKki
]
, (146)
OT,n = α
√
γ
[
Znµ ∂Λ
∂xµ
+ Yi ∂Λ
∂xi
−Yknµ
∂
(
Λvk
)
∂xµ
−Xki
∂
(
Λvk
)
∂xi
]
, (147)
arise from changes in the neutrino energy as measured in
the comoving frame due to gravitational redshift (RT,n)
and the acceleration of the observer riding along with the
fluid (OT,n). Similarly,
γjν (MT )
ν
=
1
α
√
γ
1
ǫ2
∂
∂ǫ
{
ǫ2
[
(RT,γ)j + (OT,γ)j
]}
,
(148)
with
(RT,γ)j = α
√
γ Λ
[(Yjvi −Xji)
α
∂α
∂xi
− Xjkv
i
α
∂βk
∂xi
−Wj
kivm
2
∂γki
∂xm
+WjkiKki
]
, (149)
(OT,γ)j = α
√
γ
[
Yjnµ ∂Λ
∂xµ
+ Xji ∂Λ
∂xi
−Xjknµ
∂
(
Λvk
)
∂xµ
−Wjki
∂
(
Λvk
)
∂xi
]
(150)
for the projection of the momentum space divergence tan-
gent to the spacelike slice. That the structures of RT,n
and OT,n parallel those of (RT,γ)j and (OT,γ)j is sim-
ply a reflection of the parallel structure of Eqs. (C3) and
(C4). As given here they are expressed in terms of the
Eulerian projections Z, Yµ, Xµν , andWµνρ of Uρνµ (see
Eq. (129)). In numerical work these could be further ex-
pressed in terms of the Eulerian projections of T νµ (see
Eq. (85)), i.e. the energy density E , momentum density
Fµ, and stress Sµν measured by an Eulerian observer,
via Eqs. (142)-(144). They could also be expressed di-
rectly in terms of the Lagrangian projections, as shown
in Appendix B.
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E. Four-momentum and lepton number exchange
The relationship of lepton number and energy ex-
change at a high level is readily seen. Revisiting Section
IID in terms of covariant expressions involving the La-
grangian observer four-velocity uµ (see Section III C), it
is easy to see that Eq. (51) becomes
Nµ = −1
ǫ
uνT µν , (151)
that Eq. (54) becomes
MN =
1
ǫ2
∂
∂ǫ
(−ǫ2 T νµ∇µuν) , (152)
and that Eq. (60) becomes
SN +MN = −1
ǫ
uν [(ST )
ν
+ (MT )
ν
] . (153)
The first term on the right-hand side is
− 1
ǫ
uν (ST )
ν
= −1
ǫ
uν∇µT µν (154)
= ∇µ
(
−1
ǫ
uνT µν
)
+
T µν
ǫ
∇µuν(155)
= SN +
T µν
ǫ
∇µuν , (156)
thanks to Eq. (151). The second term on the right-hand
side of Eq. (153) is
− 1
ǫ
uρ (MT )
ρ
= −1
ǫ
uρ
[
1
ǫ2
∂
∂ǫ
(−ǫ2 Uρνµ∇µuν)
]
(157)
=
1
ǫ2
∂
∂ǫ
(−ǫ2 T νµ∇µuν)
−ǫ T νµ∇µuν ∂
∂ǫ
(
−1
ǫ
)
(158)
= MN − T
νµ
ǫ
∇µuν , (159)
by virtue of Eqs. (119) and (152). The sum of Eqs. (156)
and (159) gives Eq. (153) as required.
This consistency between lepton number and energy
exchange applies not only at this high level, but also to
the detailed form of the moment equations as we have
most expressly written them, which has implications for
their discretization. In terms of the decomposition of uµ
in Eq. (135), we have
SN +MN = −Λ
ǫ
(nν + vν) [(ST )
ν
+ (MT )
ν
] (160)
for Eq. (153). This is, naturally, closely related to our
projections of the spacetime and momentum space di-
vergences orthogonal and tangent to the spacelike slice.
We consider first the spacetime divergence on the right-
hand side of Eq. (160). Using Eqs. (90)-(92) and (69),
we have
− Λ
ǫ
nν (ST )
ν
=
{
∂
∂t
[
Λ (DT,n)
ǫ
]
+
∂
∂xi
[
Λ (FT,n)
i
ǫ
]
−1
ǫ
[Λ (GT,n) + ET,n]
}
1
α
√
γ
, (161)
where
ET,n = α
√
γ
(
Enµ ∂Λ
∂xµ
+ X i ∂Λ
∂xi
)
(162)
are the ‘extra’ terms that arise from pulling the factor
Λ inside the time and space derivatives. Thus the dis-
cretized form of ET,n will be dictated by the discretiza-
tion chosen for the first two terms of Eq. (90). Similarly,
using Eqs. (94)-(96) and (69), we have
− Λv
j
ǫ
γjν (ST )
ν
=
{
∂
∂t
[
Λvj (DT,γ)j
ǫ
]
+
∂
∂xi
[
Λvj(FT,γ)
i
j
ǫ
]
−1
ǫ
[
Λvj (GT,γ)j + ET,γ
]}(
− 1
α
√
γ
)
,
(163)
where
ET,γ = α
√
γ
[
Fjnµ
∂
(
Λvj
)
∂xµ
+ Sij
∂
(
Λvj
)
∂xi
]
(164)
are the ‘extra’ terms that arise from pulling the factor
Λvj inside the time and space derivatives. Thus the dis-
cretized form of ET,γ will be dictated by the discretiza-
tion chosen for the first two terms of Eq. (94). Adding
Eqs. (161) and (163) gives
− Λ
ǫ
( nν +v
jγjν
)
(ST )
ν
= SN −
{
Λ
ǫ
[
(GT,n)− vj (GT,γ)j
]
+
1
ǫ
(ET,n − ET,γ)
}
1
α
√
γ
(165)
for the contribution of the spacetime divergence to the
right-hand side of Eq. (160).
Turning to the momentum space divergence, from
Eqs. (145) and (148) we have
− Λ
ǫ
( nν + v
jγjν
)
(MT )
ν
= MN − 1
ǫ2
∂
∂ǫ
(
1
ǫ
){
Λǫ2
[
(RT,n)− vj (RT,γ)j
]
+Λǫ2
[
(OT,n)− vj (OT,γ)j
]} 1
α
√
γ
(166)
for the contribution of the momentum space divergence
to the right-hand side of Eq. (160). Note that the long
term following MN results from pulling 1/ǫ through the
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energy derivative; therefore its discretized form is dic-
tated by the discretization chosen for Eqs. (145) and
(148).
The sum of Eqs. (165) and (166) equals Eq. (160),
as required, because (a) the gravitational redshift terms
from the momentum space divergence cancel the grav-
itational force and power terms from the spacetime di-
vergence, and (b) the observer corrections from the mo-
mentum space divergence cancel the ‘extra’ terms from
pulling Λ and vk through the time and space derivatives.
That is, (a)
0 =
Λ
ǫ
[
(GT,n)− vj (GT,γ)j
]
− Λ
ǫ2
[
(RT,n)− vj (RT,γ)j
]
,
(167)
and (b)
0 =
1
ǫ
(ET,n − ET,γ)− Λ
ǫ2
[
(OT,n)− vj (OT,γ)j
]
. (168)
These cancellations emerge in a surprisingly tractable
way: the gravitational redshift and observer correction
terms from the normal and tangent projections of the
momentum space divergence combine in just the right
way to make use of Eqs. (139)-(141), which relate the
Eulerian projections Z, Yµ, Xµν , and Wµνρ of Uρνµ
(see Eq. (129)) to the Eulerian projections of T νµ (see
Eq. (85)), i.e. the energy density E , momentum den-
sity Fµ, and stress Sµν measured by an Eulerian ob-
server. In particular, combining Eqs. (146) and (149)
using Eqs. (139)-(141) yields
(RT,n)− vj(RT,γ)j = ǫ α
√
γ
[(Evi−F i)
α
∂α
∂xi
− Fkv
i
α
∂βk
∂xi
−S
kivm
2
∂γki
∂xm
+ SkiKki
]
. (169)
Plugging this and Eqs. (93) and (97) into Eq. (167), the
term-by-term cancellations are apparent. Similarly, com-
bining Eqs. (147) and (150) using Eqs. (139)-(141) yields
(OT,n)− vj (OT,γ)j =
ǫ
Λ
α
√
γ
[
Enµ ∂Λ
∂xµ
+ F i ∂Λ
∂xi
−Fknµ
∂
(
Λvk
)
∂xµ
− Ski
∂
(
Λvk
)
∂xi
]
.
(170)
Plugging this and Eqs. (162) and (164) into Eq. (168),
once again the term-by-term cancellations are apparent.
This analytic demonstration of the consistency of our
conservative four-momentum moment equations with a
conservative number moment equation ideally should be
repeated in the discretized case in order to discover dis-
cretizations that are faithful to this consistency. We do
not present a full discretization of the moment equations
in this paper, but make some additional comments in
Appendix D.
IV. CONCLUSION
We now assemble the expressions obtained in
Secs. III B-IIID into conservative 3+1 general relativistic
variable Eddington tensor radiation transport equations.
These four equations are conservation laws for the energy
and momentum carried by the neutrino radiation:
∂ (DT,n)
∂t
+
∂ (FT,n)
i
∂xi
+
1
ǫ2
∂
∂ǫ
[
ǫ2 (RT,n + OT,n)
]
= GT,n + CT,n, (171)
∂ (DT,γ)j
∂t
+
∂(FT,γ)
i
j
∂xi
+
1
ǫ2
∂
∂ǫ
{
ǫ2
[
(RT,γ)j + (OT,γ)j
]}
= (GT,γ)j + (CT,γ)j . (172)
Tables I-V present overviews of the many variables that
have been assembled into the major entities appearing in
these equations. The global ‘lab frame’ spacetime coor-
dinates t and xi are those associated with the 3+1 for-
mulation of general relativity, in which the line element
and metric components gµν are given by Eqs. (63)-(65).
Equations (171) and (172), expressing energy and mo-
mentum conservation respectively, come from the pro-
jections of the phase space divergence of the monochro-
matic neutrino stress energy orthogonal and tangent to
the spacelike slice. The projection orthogonal to the
spacelike slice is via contraction with nµ, the unit normal
to the spacelike slice, which is also the four-velocity of
Eulerian observers (see Eqs. (69) and (70)). The projec-
tion tangent to the spacelike slice is via contraction with
the orthogonal projector γµν = gµν+nµnν . The momen-
tum space coordinate in these angle-integrated moment
equations is the energy ǫ = −uµpµ measured by a La-
grangian observer, whose four-velocity uµ is that of the
fluid. These coordinate choices allow particle/fluid in-
teractions to be evaluated in the comoving frame in the
TABLE I. Some spacetime and fluid variables.
xµ Spacetime position Sec. III A
Lµµˆ Transformation between comoving Sec. II A;
and lab frames Eq. (7)
α Lapse function Eq. (66)
βi Shift vector Eq. (66)
γij Three-metric Eq. (66)
Kij Extrinsic curvature Sec. III A;
Eq. (A1)
nµ Unit normal to spacelike slice; Eq. (69)
four-velocity of Eulerian observers
uµ Fluid four-velocity; Eq. (98)
four-velocity of Lagrangian observers
vµ Three-velocity of Lagrangian observers Eq. (135)
Λ Lorentz factor of Lagrangian observers Eq. (138)
γµν Projector orthogonal to n
µ Eq. (71)
hµν Projector orthogonal to u
µ Eq. (107)
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context of Eulerian grid-based approaches to multidimen-
sional spatial dependence.
A rough analogy with conservative formulations of hy-
drodynamics is evident. The ‘conserved’ monochromatic
energy and momentum densities DT,n and (DT,γ)j are
given by Eqs. (91) and (95). The energy and momentum
fluxes (FT,n)
i and (FT,γ)
i
j are given by Eqs. (92) and
(96). These are expressed in terms of the ‘Eulerian pro-
jections’ (see Eq. (85)) of the monochromatic neutrino
stress energy T µν—the second momentum angular mo-
ment of the distribution function f (see Eq. (111)). These
Eulerian projections are the monochromatic energy den-
sity E , the momentum density Fµ, and the stress Sµν
measured by an Eulerian observer (i.e. in the lab frame).
These may be expressed (see Appendix B) in terms of the
‘Lagrangian projections’ of T µν (see Eq. (117)), which
are the energy density J , the momentum densityHµ, and
the stress Kµν measured by a Lagrangian observer (i.e.
in the comoving frame). (Once again, we emphasize that
the energy dependence of not only the Lagrangian pro-
TABLE II. Particle momentum, and particle distribution and
its monochromatic (energy-dependent) moments. The angu-
lar moments are taken with respect to the three-momentum
direction unit vector ℓµ reckoned by Lagrangian (comoving)
observers. The momentum moments are taken with respect
to the particle four-momentum pµ. All moments are functions
of the particle energy ǫ measured by a Lagrangian observer.
pµ Particle four-momentum Sec. II
ǫ Particle energy measured by Eq. (12);
Lagrangian observers Eq. (100)
Ω Particle momentum direction Sec. II
measured by Lagrangian observers
ℓµ Three-momentum direction unit Eq. (12);
vector measured by Lagrangian Eq. (110)
observers
f(xµ, ǫ,Ω) Particle distribution function Sec. II
J (xµ, ǫ) Zeroth angular moment Eq. (27);
Eq. (102)
Hν(xµ, ǫ) First angular moment Eq. (28);
Eq. (103)
Kνρ(xµ, ǫ) Second angular moment Eq. (29);
Eq. (104);
Eq. (106)
Lνρσ(xµ, ǫ) Third angular moment Eq. (30);
Eq. (105);
Eq. (108)
ǫN ν(xµ, ǫ) First momentum moment; Eq. (50);
comoving energy times number flux Eq. (151)
T νρ(xµ, ǫ) Second momentum moment; Eq. (35);
stress-energy tensor Eq. (111)
Uνρσ(xµ, ǫ) Third momentum moment Eq. (37);
Eq. (118)
jections, but also the Eulerian projections, is on the en-
ergy ǫ measured by a Lagrangian observer in the comov-
ing frame.) The closure relations—that is, the Edding-
ton tensors—are defined in terms of these Lagrangian
projections. Roughly speaking, the Eulerian and La-
grangian projections are respectively like the ‘conserved’
and ‘primitive’ variables in hydrodynamics, while the
Eddington tensor closure relation between Lagrangian
projections is analogous to the equation of state relat-
ing primitive (comoving frame) hydrodynamics variables.
Rather than code tedious analytic expressions like those
in Appendix B, it may be best to obtain the Eulerian
projections in terms of the Lagrangian projections by nu-
merically performing the contractions in Eqs. (80)-(82),
using Eq. (117) on the right-hand side; and in Eqs. (125)-
(128), using Eq. (124) on the right-hand side. Similarly,
the Lagrangian projections can be obtained numerically
in terms of the Eulerian projections using the contrac-
tions in Eqs. (112)-(114) and (123), using Eqs. (85) and
(129) on the right-hand sides.
As with self-gravitating hydrodynamics, the presence
of gravitational source terms makes Eqs. (171) and (172)
more properly ‘balance equations’ rather than strict con-
servation laws. The terms GT,n and (GT,γ)j , given by
Eqs. (93) and (97), represent the energy and momentum
exchange between the neutrinos and the gravitational
field as embodied in the spacetime geometry. (If spher-
ical or cylindrical spatial coordinates were used, these
source terms also would include the fictitious forces as-
sociated with these. For the purpose of discretizing the
spatial flux, it would be desirable in this case to factor
TABLE III. Lagrangian and Eulerian decompositions and
projections of the second monochromatic (energy-dependent)
momentum moment T µν (stress-energy). Both the La-
grangian and Eulerian projections are functions of the par-
ticle energy ǫ measured by a Lagrangian observer. Note that
the Lagrangian projections are the angular moments (see Ta-
ble II), as the latter are defined with respect to the comoving
frame.
T νρ(xµ, ǫ) Lagrangian decomposition Eq. (117)
J (xµ, ǫ) Energy density measured by Eq. (112)
Lagrangian observers
Hν(xµ, ǫ) Energy flux measured by Eq. (113)
Lagrangian observers
Kνρ(xµ, ǫ) Stress measured by Eq. (114)
Lagrangian observers
T νρ(xµ, ǫ) Eulerian decomposition Eq. (85)
E(xµ, ǫ) Energy density measured by Eq. (80)
Eulerian observers
Fν(xµ, ǫ) Energy flux measured by Eq. (81)
Eulerian observers
Sνρ(xµ, ǫ) Stress measured by Eq. (82)
Eulerian observers
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out the portion of the spatial metric determinant arising
from these coordinate choices, such that it would appear
(a) in the denominator outside the spatial derivative, and
(b) in the numerator inside the derivative, separate from
the flux.)
As monochromatic (i.e. energy-dependent) radiation
transport equations, Eqs. (171) and (172) contain terms
beyond those present in self-gravitating hydrodynamics.
First, the source terms
CT,n = −α√γ nµ qµ, (173)
(CT,γ)j = α
√
γ γjµ q
µ (174)
represent the energy and momentum exchange with the
fluid, with the relationship of the source qµ to the col-
lision integral given in Eq. (46). Second, the energy di-
vergences on the left-hand sides of Eqs. (171) and (172)
arise from changes in the neutrino energy as measured in
the comoving frame due to gravitational redshift—RT,n
and (RT,γ)j , see Eqs. (146) and (149)—and the acceler-
ation of the observer riding along with the fluid, OT,n
and (OT,γ)j ; see Eqs. (147) and (150). These are given
in terms of the Eulerian projections (see Eq. (129)) of
the monochromatic third momentum angular moment
Uµνρ (see Eq. (118)). The Eulerian projections of Uµνρ
can be expressed in terms of the Eulerian projections
of T µν (Section III D), or more directly in terms of the
TABLE IV. Lagrangian and Eulerian decompositions and pro-
jections of the third monochromatic (energy-dependent) mo-
mentum moment Uµνρ. Both the Lagrangian and Eulerian
projections are functions of the particle energy ǫ measured by
a Lagrangian observer. Note that the Lagrangian projections
are the angular moments (see Table II), and also (except for
the third) are the same as the projections of T νρ, up to a
factor of ǫ (see Table III), thanks to Eq. (119).
Uνρσ(xµ, ǫ) Lagrangian decomposition Eq. (124)
ǫJ (xµ, ǫ) Zeroth projection measured by Eq. (120)
Lagrangian observers
ǫHν(xµ, ǫ) First projection measured by Eq. (121)
Lagrangian observers
ǫKνρ(xµ, ǫ) Second projection measured by Eq. (122)
Lagrangian observers
ǫLνρσ(xµ, ǫ) Third projection measured by Eq. (123)
Lagrangian observers
Uνρσ(xµ, ǫ) Eulerian decomposition Eq. (129)
Z(xµ, ǫ) Zeroth projection measured by Eq. (125)
Eulerian observers
Yν(xµ, ǫ) First projection measured by Eq. (126)
Eulerian observers
X νρ(xµ, ǫ) Second projection measured by Eq. (127)
Eulerian observers
Wνρσ(xµ, ǫ) Third projection measured by Eq. (128)
Eulerian observers
Lagrangian projections (Appendix B). Finally, we note
that the energy divergence is conservative with respect
to integration over the differential energy volume ǫ2 dǫ.
While the conservative variable Eddington tensor mo-
ment equations express four-momentum exchange be-
tween the neutrinos and the fluid, we also have exam-
ined in detail the relationship of these to the conservative
number exchange equation (see Sections IID and III E).
This can be done in a tractable way on a term-by-term
basis thanks to our greater elaboration of the momen-
tum space divergence than in previous work. Important
conceptual features of our approach include (a) consis-
tent use of what we call ‘Eulerian decompositions’ and
‘Eulerian projections,’ which are natural to the 3+1 for-
mulation; and relatedly, (b) a shift from conceptualizing
the relationship between the lab and comoving frames
from coordinate transformations Lµµˆ to the (covariant)
relative three-velocity vµ connecting the four-velocities
nµ and uµ of Eulerian and Lagrangian observers. Our
approach is geometric, in conception if not notation, to
an extent that allows us to obtain explicit results while
almost completely avoiding encounters with connection
coefficients. This understanding of the relationship be-
tween conservative four-momentum exchange and conser-
vative number exchange can guide the determination of
discretizations of the variable Eddington tensor moment
equations that facilitate simultaneous energy and lepton
number conservation in numerical simulations, yielding
greater confidence in simulation outcomes. We make a
few comments on discretization of the moment equations
in Appendix D, and look forward to implementation in
simulations, perhaps initially in limits that only partially
include relativistic effects [34].
TABLE V. Major entities appearing in Eqs. (171) and (172),
the energy-dependent conservative 3+1 general relativistic
Variable Eddington Tensor radiation moments equations.
DT,n Conserved energy density Eq. (91)
(DT,γ)j Conserved momentum density Eq. (95)
(FT,n)
i Flux of conserved energy Eq. (92)
(FT,γ)
i
j
Flux of conserved momentum Eq. (96)
RT,n Gravitational shifts, energy eqn. Eq. (146)
(RT,γ)j Gravitational shifts, momentum eqn. Eq. (149)
OT,n Observer corrections, energy eqn. Eq. (147)
(OT,γ)j Observer corrections, momentum eqn. Eq. (150)
GT,n Gravitational energy source Eq. (93)
(GT,γ)j Gravitational momentum source Eq. (97)
CT,n Collision energy source Eq. (173)
(CT,γ)j Collision momentum source Eq. (174)
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Appendix A: Spacetime divergence
In this appendix we compute the spacetime divergence
of a stress-energy tensor with the 3+1 metric. The Eule-
rian decomposition of a stress-energy tensor is given by
Eq. (77) or (78). In particular, we derive contributions to
‘conservative’ evolution equations for the energy density
E and momentum density Fi measured by an Eulerian
observer (whose four-velocity is the unit normal nu to a
spacelike slice).
Some relations involving derivatives of the unit normal
nµ and the orthogonal projector γµν will prove useful.
The gradient of the unit normal is related to the extrinsic
curvature and lapse function by [55]
∇µnν = −Kνµ − nµ
α
∂α
∂xν
. (A1)
Because nν∇µnν = ∇µ(nνnν)/2 = 0; and because Kµν
is tangent to the spacelike slice, i.e. spacelike in the lab
frame coordinate basis (nµKµν = n
νKµν = 0), the non-
vanishing projections of this equation are
nµ∇µnν = 1
α
∂α
∂xν
, (A2)
γµiγ
ν
j∇µnν = −Kij (A3)
in the lab frame coordinate basis. Eq. (A2) relates the
four-acceleration of an Eulerian observer to the gradient
of the lapse function. Eq. (A3) relates the spatial part of
the gradient of the unit normal to the extrinsic curvature,
expressing the fact that the direction of the normal varies
with the warp of the slice as embedded in spacetime.
Another relation valid in the lab frame coordinate basis
for vectors zµ tangent to the spacelike slice (z0 = 0) is
zµ
∂nµ
∂xν
= −zi
α
∂βi
∂xν
. (zµ spacelike) (A4)
This follows from writing
zµ
∂nµ
∂xν
= z0
∂n0
∂xν
+ zi
∂ni
∂xν
(A5)
= g0iz
i ∂n
0
∂xν
+ zi
∂ni
∂xν
(A6)
and using g0i = βi and Eq. (69). Finally, and more
straightforwardly, the gradient of the orthogonal projec-
tor is
∇µγνρ = nρ∇µnν + nν∇µnρ, (A7)
thanks to the vanishing covariant derivative of the four-
metric gµν .
The projection of the spacetime divergence of a stress-
energy tensor orthogonal to the spacelike slice contributes
to an energy equation. Contracting the divergence with
nν and taking it inside the derivative, we have
− nν∇µT µν = −∇µ (nνT µν) + T µν∇µnν . (A8)
The first term on the right-hand side is
−∇µ (nνT µν) = ∇µ
(
Enµ + F iγµi
)
(A9)
=
1√−g
∂
∂xµ
[√−g(Enµ+F iγµi)](A10)
=
1
α
√
γ
∂
∂t
(
√
γE)
+
1
α
√
γ
∂
∂xi
[√
γ
(
αF i−βiE)] , (A11)
where we have used Eqs. (68), (69), and (78). In substi-
tuting Eq. (78) into the second term on the right-hand
side of Eq. (A8), the first two terms vanish:(
E nµ + F iγµi
)
nν∇µnν = 0, (A12)
because nν∇µnν = ∇µ(nνnν)/2 = 0. The remaining
terms give
T µν∇µnν = F
i
α
∂α
∂xi
− SijKij , (A13)
thanks to Eqs. (A2) and (A3). Putting Eqs. (A11) and
(A13) together,
− nν∇µT µν = 1
α
√
γ
∂
∂t
(
√
γE)
+
1
α
√
γ
∂
∂xi
[√
γ
(
αF i − βiE)]
+
F i
α
∂α
∂xi
− SijKij (A14)
is the portion of the spacetime divergence orthogonal to
the spacelike slice.
The projection of the spacetime divergence tangent to
the spacelike slice, which contributes to a momentum
equation, is a bit more involved. Contracting with the
orthogonal projector and taking it inside the derivative,
γjν∇µT µν = ∇µ (γjνT µν)− T µν∇µγjν . (A15)
The first term on the right-hand side is
∇µ (γjνT µν) = 1√−g
∂
∂xµ
(√−g γjνT µν)− ΓρjµγρνT µν .
(A16)
The first term on the right-hand side is
1√−g
∂
∂xµ
(
√−g γjνT µν
)
=
1√−g
∂
∂xµ
[√−g (Fjnµ+Sijγµi)] (A17)
=
1
α
√
γ
∂
∂t
(
√
γFj)
+
1
α
√
γ
∂
∂xi
[√
γ
(
αSij − βiFj
)]
. (A18)
The second term on the right-hand side of Eq. (A16) is
− ΓρjµγρνT µν = −Γρjµ (Fρnµ + Sµρ) . (A19)
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The first term on the right-hand side is
− ΓρjµFρnµ = Fρ (∂jnρ −∇jnρ) (A20)
= −Fi
α
∂βi
∂xj
+ F iKji, (A21)
where the first and second terms follow from Eqs. (A4)
and (A3) respectively. The second term on the right-
hand side of Eq. (A19) is
− ΓρjµSµρ = −Γρji gρk Sik (A22)
= −S
ik
2
(
∂γki
∂xj
+
∂γjk
∂xi
− ∂γji
∂xk
)
. (A23)
The last two terms in parentheses are antisymmetric in
i, k and vanish upon contraction with the symmetric Sik,
leaving
− ΓρjµSµρ = −
Sik
2
∂γik
∂xj
. (A24)
With Eqs. (A21) and (A24), Eq. (A19) becomes
− ΓρjµγρνT µν = −
Fi
α
∂βi
∂xj
+ F iKji − S
ik
2
∂γik
∂xj
. (A25)
This, together with Eq. (A18), yields
∇µ (γjνT µν) = 1
α
√
γ
∂
∂t
(
√
γFj)
+
1
α
√
γ
∂
∂xi
[√
γ
(
αSij − βiFj
)]
−Fi
α
∂βi
∂xj
+ F iKji − S
ik
2
∂γik
∂xj
(A26)
for Eq. (A16), the first term of Eq. (A15). The second
term of Eq. (A15) is less complicated. Using Eq. (A7),
− T µν∇µγjν = −T µν (nν∇µnj + nj∇µnν) (A27)
= −T µνnν∇µnj , (A28)
in which the second term has vanished due to Eq. (70).
This can be rewritten
− T µν∇µγjν =
(
Enµ + F iγµi
)∇µnj (A29)
=
E
α
∂α
∂xj
− F iKij , (A30)
where we successively have used Eq. (78) and Eqs. (A2)
and (A3). Adding Eqs. (A26) and (A30) and allowing
for the symmetry of Kij , we have
γjν∇µT µν = 1
α
√
γ
∂
∂t
(
√
γFj)
+
1
α
√
γ
∂
∂xi
[√
γ
(
αSij − βiFj
)]
+
E
α
∂α
∂xj
− Fi
α
∂βi
∂xj
− S
ik
2
∂γik
∂xj
(A31)
for the projection of the spacetime divergence tangent to
the spacelike slice.
Appendix B: Eulerian and Lagrangian projections
In this appendix we express the Eulerian projections
E , Fµ, and Sµν of T µν (see Eqs. (111) and (85)), and Z,
Yµ, Xµν , and Wµνρ of Uµνρ (see Eqs. (118) and (129)),
in terms the angular moments J , Hµ, Kµν , and Lµνρ
(see Eqs. (102)-(105)), which are also the Lagrangian
projections of T µν and—up to a factor ǫ—of Uµνρ (see
Eqs. (117) and (124)). Because the Lagrangian projec-
tions are spacelike in the comoving frame, we eliminate
uµ in favor of vµ and (in free indices) nµ. In the case of
the neutrino energy density, flux, and stress, we also show
how the relations are consistent with published results in
special relativity obtained with Lorentz transformations
[39], rather than with projections as done here.
We use four basic types of contractions, which follow
from Eq. (135):
nµu
µ = −Λ, (B1)
nµZ
µ = −vµZµ, (uµZµ = 0) (B2)
γρµu
µ = Λvρ, (B3)
γρµZ
µ = (gρµ − nρvµ)Zµ, (uµZµ = 0) (B4)
where Zµ is a stand-in for any spacelike index relative to
the Lagrangian observer four-velocity uµ (i.e. uµZ
µ = 0).
The Eulerian projections of T µν are
E = nµnνT µν , (B5)
Fρ = −γρµnνT µν , (B6)
Sρσ = γρµγσνT µν . (B7)
Using Eqs. (117) and (B1)-(B4) on the right-hand sides,
we find
E = Λ2J + 2ΛvµHµ + vµvνKµν , (B8)
Fρ = Λ2vρJ + Λ (gρµ − nρvµ)Hµ
+ΛvρvµHµ + (gρµ − nρvµ) vνKµν , (B9)
Sρσ = Λ2vρvσJ + Λ (gρµ − nρvµ) vσHµ
+Λ (gσµ − nσvµ) vρHµ
+(gρµ − nρvµ) (gσν − nσvν)Kµν . (B10)
The Eulerian projections of Uµνρ are
Z = −nµnνnρ Uµνρ, (B11)
Yσ = γσµnνnρ Uµνρ, (B12)
Xσκ = −γσµγκνnρ Uµνρ, (B13)
Wσκλ = γσµγκνγλρUµνρ. (B14)
Using Eqs. (124) and (B1)-(B4) on the right-hand sides,
19
we find
Z = ǫ (Λ3J + 3Λ2vµHµ + 3ΛvµvνKµν
+vµvνvρLµνρ, ) (B15)
Yσ = ǫ
[
Λ3vσJ + Λ2 (gσµ − nσvµ)Hµ + 2Λ2vσvµHµ
+2Λ (gσµ − nσvµ) vνKµν + ΛvσvµvνKµν
+(gσµ − nσvµ) vνvρLµνρ] , (B16)
Xσκ = ǫ
[
Λ3vσvκJ + Λ2 (gσµ − nσvµ) vκHµ
+Λ2 (gκµ − nκvµ) vσHµ + Λ2vσvκvµHµ
+Λ (gσµ − nσvµ) (gκν − nκvν)Kµν
+Λ (gσµ − nσvµ) vνKµν + Λ (gκµ − nκvµ) vνKµν
+(gσµ − nσvµ) (gκν − nκvν) vρLµνρ] , (B17)
Wσκλ = ǫ
[
Λ3vσvκvλJ + Λ2 (gσµ − nσvµ) vκvλHµ
+Λ2 (gκµ − nκvµ) vλvσHµ
+Λ2 (gλµ − nλvµ) vσvκHµ
+Λ (gσµ − nσvµ) (gκν − nκvν) vλKµν
+Λ (gκµ − nκvµ) (gλν − nλvν) vσKµν
+Λ (gλµ − nλvµ) (gσν − nσvν) vκKµν
+(gσµ − nσvµ) (gκν − nκvν)
× (gλρ − nλvρ)Lµνρ] . (B18)
We now prepare to compare the (raised index) spa-
tial components of Eqs. (B8)-(B10) with the special rel-
ativistic results in Eqs. (182)-(184) of Ref. [39]. In flat
spacetime the unit normal of Eq. (69) becomes
(nµ) = (1, 0, 0, 0)
T
. (B19)
The tetrad eµµ¯ is a Kronecker delta in flat spacetime
Cartesian coordinates, so that the composite transfor-
mation Lµµˆ of Eq. (7) becomes
Lµµˆ = δ
µ
µ¯Λ
µ¯
µˆ. (B20)
An explicit expression for the Lorentz boost between the
orthonormal lab frame and the comoving frame is(
Λ0¯0ˆ Λ
0¯
ıˆ
Λı¯0ˆ Λ
ı¯
ıˆ
)
=
(
Λ ΛVıˆ
ΛV ı¯ δı¯ ıˆ +
(Λ−1)
V 2 V
ı¯Vıˆ
)
, (B21)
where
V 2 = V 1¯V1ˆ + V
2¯V2ˆ + V
3¯V3ˆ. (B22)
It can be shown that
Λ =
(
1− V 2)−1/2 = (1− vµvµ)−1/2 = (1− vivi)−1/2
(B23)
is equal to the Lorentz boost we have been using. The
quantities
V 1¯ = V1ˆ, V
2¯ = V2ˆ, V
3¯ = V3ˆ (B24)
are not to be regarded as components of a four-vector,
but simply as the three-velocity parameters appearing
in the Lorentz boost, expressed in a manner consistent
with our index conventions. In flat spacetime the spatial
components of the (covariant) three-velocity four-vector
vµ are related to these boost velocity parameters by
vi = δiı¯V
ı¯, (B25)
a perhaps expected result that follows from Eqs. (135),
(B19), (B20), (B21), and (98). However, we caution that
the perhaps less-expected result for the lowered-index co-
moving frame spatial components of vµ is
vıˆ = ΛVıˆ. (B26)
Below we use this to evaluate contractions of the form
vµZ
µ = vıˆZ
ıˆ (B27)
= ΛVıˆZ
ıˆ, (uµZ
µ = 0) (B28)
i.e. contraction with an index that is spacelike relative
to the Lagrangian observer four-velocity uµ.
We are now ready to compare the (raised index) spa-
tial components of Eqs. (B8)-(B10) with the special rel-
ativistic results in Eqs. (182)-(184) of Ref. [39], using
Eqs. (B19), (B20), (B21), and (B28). Equation (B8) can
be expressed as
E = Λ2J + 2ΛvıˆHıˆ + vıˆvˆKıˆˆ, (B29)
or
E = Λ2J + 2Λ2VıˆHıˆ + Λ2VıˆVˆKıˆˆ, (B30)
which agrees with Eq. (182) of Ref. [39]. The spatial
components of Eq. (B9) are
F i = Λ2viJ + ΛLiıˆHıˆ + ΛvivıˆHıˆ + LiıˆvˆKıˆˆ, (B31)
or
F i = δiı¯
{
Λ2V ı¯J + Λ
[
δı¯ ıˆ +
(Λ− 1)
V 2
V ı¯Vıˆ
]
Hıˆ
+Λ2V ı¯VıˆHıˆ + Λ
[
δı¯ ıˆ +
(Λ− 1)
V 2
V ı¯Vıˆ
]
VˆKıˆˆ
}
,
(B32)
which agrees with Eq. (183) of Ref. [39]. The spatial
components of Eq. (B9) are
Sij = Λ2vivjJ + ΛLiıˆvjHıˆ + ΛLj ˆviHˆ + LiıˆLj ˆKıˆˆ,
(B33)
or
Sij = δiı¯δj ¯
{
Λ2V ı¯V ¯J + Λ (δı¯ ıˆV ¯Hıˆ + δ¯ ˆV ı¯Hˆ)
+2Λ
[
(Λ− 1)
V 2
V ı¯Vıˆ
]
V ¯Hıˆ
+
[
δı¯ ıˆ +
(Λ− 1)
V 2
V ı¯Vıˆ
][
δ¯ˆ +
(Λ− 1)
V 2
V ¯Vˆ
]
Kıˆˆ
}
,
(B34)
which agrees with Eq. (184) of Ref. [39].
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Appendix C: Momentum space divergence
In this appendix we compute, with the 3+1 metric, ex-
pressions entering the momentum space divergence term
of the phase space divergence of a monochromatic stress-
energy tensor. In particular, we derive contributions to
‘conservative’ evolution equations for the monochromatic
energy density E and momentum density Fi measured by
an Eulerian observer (whose four-velocity is the unit nor-
mal nµ to a spacelike slice).
We project the momentum space divergence into por-
tions orthogonal and tangent to the spacelike slice, and
find it helpful to also use Eulerian decompositions of the
tensors that appear. Our starting points are Eqs. (133)
and (134) for the portions of the momentum space diver-
gence orthogonal and tangent to the spacelike slice:
− nρ (MT )ρ = 1
ǫ2
∂
∂ǫ
(
ǫ2 nρ Uρνµ∇µuν
)
, (C1)
γjρ (MT )
ρ =
1
ǫ2
∂
∂ǫ
(−ǫ2 γjρ Uρνµ∇µuν) . (C2)
The Eulerian decomposition of Uρνµ is given by
Eq. (129). The projections orthogonal and tangent to
the spacelike slice, which appear in the above two equa-
tions, are
− nρ Uρνµ = Z nνnµ + Yνnµ + Yµnν + X νµ, (C3)
γjρ Uρνµ = Yjnνnµ + Xjνnµ + Xjµnν +Wjνµ.(C4)
We also use Eq. (135),
uµ = Λ (nµ + vµ) , (C5)
i.e. the Eulerian decomposition of uν, in expressing
∇µuν .
There are four types of contractions appearing when
either Eq. (C3) or (C4) is contracted with ∇µuν; we con-
sider them in turn, beginning with
nνnµ∇µuν = nνnµ [(nν + vν) ∂µΛ + Λ∇µnν + Λ∇µvν ] .
(C6)
The first term gives
nνnµ (nν + vν) ∂µΛ = −nµ∂µΛ (C7)
because of the orthogonality relation nµvµ = 0. The
second term vanishes because nµnµ = −1 = constant
implies
0 = ∇µ (nνnν) = 2nν∇µnν . (C8)
In the third term we use
nν∇µvν = −vν∇µnν , (C9)
which follows from 0 = ∇µ (nνvν). The third term be-
comes
nνnµ (Λ∇µvν) = −Λ v
i
α
∂α
∂xi
, (C10)
where we have used Eq. (A2). All together,
nνnµ∇µuν = −Λ v
i
α
∂α
∂xi
− nµ ∂Λ
∂xµ
(C11)
for this type of contraction.
Consider next a contraction of the form
Aνnµ∇µuν = Aνnµ [nν ∂µΛ + Λ∇µnν +∇µ (Λvν)] ,
(C12)
where Aν is spacelike (i.e. nνA
ν = 0, such that A0 = 0
in the coordinate basis), and we break up the right-hand
side differently than in the previous paragraph. The first
term vanishes because Aν is spacelike. The second term
gives
Aνnµ (Λ∇µnν) = ΛA
i
α
∂α
∂xi
(C13)
thanks again to Eq. (A2). In the third term it will turn
out best to raise the index on vν before turning the gra-
dient back, in a sense, on nµ:
Aνnµ [∇µ (Λvν)] = Aνnµ [∇µ (Λvν)] (C14)
= Aνn
µ
[
∂µ (Λv
ν)+ΓνρµΛv
ρ
]
(C15)
= Akn
µ∂µ
(
Λvk
)
+ΛAνv
m
(
Γνµmn
µ
)
(C16)
= Akn
µ∂µ
(
Λvk
)
+ΛAνv
m (∇mnν − ∂mnν) (C17)
= Akn
µ∂µ
(
Λvk
)− ΛAkvmKmk
+ΛAkα
−1vm∂mβ
k, (C18)
where we have used Eqs. (A3) and (A4) in the last step.
All together,
Aνnµ∇µuν = ΛA
i
α
∂α
∂xi
+
ΛAkv
i
α
∂βk
∂xi
− ΛAkviKik
+Akn
µ ∂
(
Λvk
)
∂xµ
(C19)
for this type of contraction.
For the next contraction we return to the first split we
used on the right-hand side:
Aµnν∇µuν = [(nν + vν) ∂µΛ + Λ∇µnν + Λ∇µvν ] ,
(C20)
where again Aµ is spacelike. The first term gives simply
Aµnν [(nν + vν) ∂µΛ] = −Ai ∂Λ
∂xi
. (C21)
From Eq. (C8), the second term vanishes. In the third
term we use Eqs. (C9) and (A3), whence
Aµnν (Λ∇µvν) = −ΛAµvν∇µnν (C22)
= ΛAivkKki. (C23)
Altogether, we have
Aµnν∇µuν = ΛAivkKki −Ai ∂Λ
∂xi
(C24)
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for this type of contraction.
For the final contraction, one with a spacelike tensor
Bνµ, we return to the alternative
Bνµ∇µuν = Bνµ [nν ∂µΛ + Λ∇µnν +∇µ (Λvν)] (C25)
on the right-hand side. The first term vanishes because
Bνµ is spacelike. The second term immediately yields,
via Eq. (A3),
Bνµ (Λ∇µnν) = ΛBki∇ink = −ΛBkiKki. (C26)
In the third term it once again will turn out best to raise
the index on vν . We find
Bνµ [∇µ (Λvν)] = Bνµ∇µ (Λvν) (C27)
= Bν
µ
[
∂µ (Λv
ν) + Γνσµ (Λv
σ)
]
(C28)
= Bk
i∂i
(
Λvk
)
+ΛBkivmgkνΓ
ν
mi (C29)
= Bk
i∂i
(
Λvk
)
+
ΛBkivm
2
(∂iγkm
+∂mγki − ∂kγmi) (C30)
= Bk
i∂i
(
Λvk
)
+
ΛBkivm
2
∂mγki, (C31)
where in the last step, the first and third terms—
antisymmetric in i and k—vanish upon contraction with
the symmetric Bki. Altogether, we have
Bνµ∇µuν = ΛB
kivm
2
∂γki
∂xm
− ΛBkiKki +Bki
∂
(
Λvk
)
∂xi
(C32)
for this type of contraction.
In summary, Eqs. (C11), (C19), (C24), and (C32) ex-
hibit the four types of contractions appearing when either
Eq. (C3) or (C4) is contracted with ∇µuν .
Appendix D: Towards Discretization
Elaboration of a full discretization of the conservative
four-momentum moment Eqs. (171) and (172) is beyond
the scope of this paper, but we here comment briefly on
the possibility of discretizations that are faithful to the
analytic connection with the conservative number equa-
tion outlined in Sec. III E. Such consistent differencing
has been addressed in some detail in spherical symme-
try by Liebendo¨rfer et al. [51]; see also Mezzacappa et
al. [59]. We expect the consistency demonstrated by
Liebendo¨rfer et al. [51] to be possible also for our equa-
tions beyond spherical symmetry.
A key analytic step in Sec. III E is the use of the prod-
uct rule for derivatives to pull factors inside the spacetime
and momentum space divergences, leaving ‘extra’ terms
whose cancellation is required; see Eqs. (161), (163), and
(166). This operation—referred to as “integration by
parts” by Liebendo¨rfer et al. [51]—is also central to the
cancellations discussed in Secs. 3.1 and 3.3 of that work.
An example of a finite difference version of the product
rule in the single spatial variable in spherical symmetry
is shown in the unnumbered equation following Eq. (58)
of Liebendo¨rfer et al. [51]. The structure of that rep-
resentation of the product rule is not directly applicable
to our multidimensional case, because they use the cell
face value of the variable they ‘pull through’ the deriva-
tive, and in multiple spatial dimensions there are a cor-
responding number of different cell face values.
However, we here demonstrate a finite difference rep-
resentation of the product rule that works with a multi-
dimensional spatial divergence. In particular we give a
representation of
g
∂F i
∂xi
=
∂
(
gF i
)
∂xi
− F i ∂g
∂xi
(D1)
for arbitrary g and F i. Begin for example with a finite-
volume-inspired discretization
(
g
∂F i
∂xi
)
↔
=
g↔
V
∑
q
[
(AqF
q)q→ − (AqF q)←q
]
(D2)
of the left-hand side. Different from Liebendo¨rfer et al.
[51], we use the cell center value of the function (g↔) that
initially is outside the divergence; thus it stands on an
equal footing with respect to all dimensions. The sum-
mation convention on repeated indices i on the left-hand
side has given way to an explicit sum over dimensions q on
the right-hand side. Cell-centered values are denoted by
a double-headed arrow subscript (↔). The single-headed
arrow subscripts (q →) and (← q) denote values on outer
and inner cell faces in dimension q respectively. The cell
volume and face areas are V and Aq. We split each of the
two terms in Eq. (D2) in half, add and subtract terms
involving center values of g from the next (↔ q+) and
previous (−q ↔) cells in direction q, and rearrange to
find
(
g
∂F i
∂xi
)
↔
=
[
∂
(
gF i
)
∂xi
]
↔
−
(
F i
∂g
∂xi
)
↔
. (D3)
Here[
∂
(
gF i
)
∂xi
]
↔
=
1
V
∑
q
[
(Aq gF
q)q→ − (Aq gF q)←q
]
,
(D4)
in which we are representing the values of g on the cell
faces as
gq→ =
g↔ + g↔q+
2
, (D5)
g←q =
g−q↔ + g↔
2
. (D6)
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As for the second term in Eq. (D3), it can be regarded
as the average of values on opposing cell faces:
(
F i
∂g
∂xi
)
↔
=
1
2
∑
q
[(
F q
∂g
∂xq
)
q→
+
(
F q
∂g
∂xq
)
←q
]
,
(D7)
where (
F q
∂g
∂xq
)
q→
=
(AqF
q)q→
V
(g↔q+ − g↔) , (D8)
(
F q
∂g
∂xq
)
←q
=
(AqF
q)
←q
V
(g↔ − g−q↔) . (D9)
Equations (D7)-(D9) are not the most obvious discretiza-
tion of
(
F i∂g/∂xi
)
↔
one would think to write down, but
inspection shows that it is not unreasonable. This is the
sort of thing we have in mind when we say, following
Eq. (162) for example, that “the discretized form of ET,n
will be dictated by the discretization chosen for the first
two terms of Eq. (90).” The discretized forms of the
derivatives in ET,n and ET,γ derived from the above sort
of procedure can then be used to represent the spatial
derivatives that appear in the momentum space diver-
gence, i.e. in (OT,n) and (OT,γ)j , so that the cancella-
tions in Eq. (168) can be effected even at modest resolu-
tion.
With this key step in the connection between dis-
cretized four-momentum and number conservation gen-
eralized to the multidimensional case, we do not see
any showstopping impediment to carrying a discretiza-
tion to completion along the lines of Liebendo¨rfer et
al. [51]. We have not specified representations of the
face values (F q)q→ and (F
q)
←q in Eq. (D2), so these
can be discretized according the considerations given in
Liebendo¨rfer et al. [51] and references therein, with the
results being carried forward into Eqs. (D8) and (D9).
We do not foresee any overconstraints, or other serious
issues beyond those faced and addressed by Liebendo¨rfer
et al. [51]; but of course this remains to be seen with a
complete implementation and numerical testing.
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